Investigation of drive-train dynamics of mechanical transmissions incorporating cycloidal drives by Kumar, Naren
INVESTIGATION OF DRIVE-TRAIN 
DYNAMICS OF MECHANICAL 
TRANSMISSIONS INCORPORATING 
CYCLOIDAL DRIVES 
 
Naren Kumar 
Bachelor of Mechanical Engineering, PG Dip. Advanced Manufacturing 
Technology 
 
Thesis submitted in accordance with the regulations of the degree of Doctor of 
Philosophy in the Science and Engineering Faculty of Queensland University of 
Technology 
 
 
 
 
Principal Supervisor 
Prof. Adekunle Oloyede 
 
Associate Supervisor 
Dr. Pietro Borghesani 
 
External 
A/Prof. Vladis Kosse 
 
 
 
Queensland University of Technology, Brisbane, Australia 
School of Chemistry, Physics and Mechanical Engineering, 
Science and Engineering Faculty, 
June 2015  
Investigation of drive-train dynamics of mechanical transmissions incorporating Cycloidal drives                           I | P a g e  
 
Keywords 
 
Cycloidal drives, Mechanical transmissions, Gear box, Trochoidal drives, KHV 
gearing, Wobble gearing, Planocentric gearing, Phenomenological model, Drive-
train dynamics, Dynamic Factor, FEA based torsional stiffness, Torsional Stiffness, 
Lumped mass model, dynamic model, Pin gearing 
II | P a g e         Investigation of drive-train dynamics of mechanical transmissions incorporating Cycloidal drives 
 
ABSTRACT 
 
Cycloidal drives (often known as Cycloid drives, Cyclodrives, or Planocentric drives 
etc) are highly efficient compact-sized, high ratio mechanical speed reducers.  Their 
features such as high efficiency (about 93%), 500% shock overload capacity, long 
life, minimal maintenance and their availability in several configurations – all having 
a range of high speed ratios (typically up to 119:1 in a single stage of speed reduction 
– which cannot be possible using conventional drives without multi-staging), in a 
compact physical form, make them more preferred than conventional counterparts.  
Not only are they used in machinery requiring speed reduction, but also in high-
investment precision-motion applications such as automation and articulated robot 
drives. 
High and potentially destructive dynamic forces occur among mating 
components during sudden load/speed transitions, which have to be considered in the 
system's design phase because shocks occur commonly in normal service conditions 
or cause breakdown.  Multiple tooth contact deformations largely dominate bending 
deflections in a typical Cycloidal tooth-pin mesh – resulting in a complicated 
dynamic force-system that sets them apart from their conventional equivalents.  
Several available literature sources provide only fragmental information mostly 
focusing on their kinematic design and construction, despite the increasing popularity 
of Cycloidal drives.  There are no known design standards for Cycloidal 
transmissions at present, which is probably due to a lack of understanding of the 
drive-train dynamics.  Cycloidal drive-train's mathematical-model based solutions 
can reveal natural frequency of torsional vibration and forced response to transient 
loads – which can redefine its design philosophy.  Parameters required for a dynamic 
(lumped inertia) model of the drive-train, such as mass moments of inertia, torsional 
stiffness damping and joint efficiencies of all involved components can be acquired 
either experimentally or computationally. 
This research argues that Cycloidal Drives can deliver efficient means of mechanical 
power transmission under dynamic loading conditions; where the dynamic conditions 
are characterised by high-speed, high-frequency time-dependent loading.  However, 
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the parameters characterising Cycloidal Drive-trains under dynamic conditions are 
yet to be established.  These would be ascertained and compared with their static 
counterparts in this thesis.  The analysis would culminate in the development of a 
predictive model for the dynamic responses of Cycloidal Drives / gear trains. 
Undamped natural frequency of the drive-train calculated from the model developed 
in this research agreed to be within 2.5% of that derived from experiments.  It was 
found that elastic bending deformations of output shaft pins majorly contribute to the 
overall torsional stiffness of the drive-train and about 85% of the output-shaft pins 
participate in torque transfer at any given instant, confirming torque ripple.  
Experiments simulating a worst-case scenario show that a stalling shock load can 
induce a peak torque reaching up to 4.3 (for a manufacturer's rating of 5) times that 
of the nominal torque.  These outcomes can not only aid in optimising its design 
thinking, but also support appropriate selection of drives and couplings suited for a 
particular application or machinery.  
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1. Introduction 
Today’s on-going global crisis and issues (such as global warming) demand 
economic and efficient approaches for product life-cycle attributes of almost all man-
made products.  In the domain of mechanical power transmission design, which goes 
hand-in-hand with the primary energy production, such stringent measures are vital.  
Speed reducers are commonly used for mechanical power transmission. 
This research argues that Cycloidal Drives can deliver efficient means of mechanical 
power transmission under dynamic loading conditions; where the dynamic conditions 
are characterised by shock and time-dependent loading.  However, the parameters 
characterising Cycloidal gear drives under dynamic conditions are yet to be 
established.  This thesis ascertains dynamic behaviour and compares with their static 
counterparts. The analysis culminates in the development of a predictive model for 
the dynamic responses of Cycloidal gear trains. 
1.1 Cycloidal Drives 
The general term used for a “Speed Reducer” is the “Gearbox”, which 
comprises of gears mounted on shafts, supported by bearings, assembled in a 
lubricant-tight enclosure, sealed on both ends.  Their function is to convert high-
speed rotary input power, which has a low torque, to a proportionally low-speed, 
high-torque output power, for use in mechanisms of machines to perform work.  The 
ratio of output and input speeds is the transmission (or speed) ratio.  Gear 
transmissions are required for 3 basic reasons [1]: 
1. Inertia Matching: 
2. Speed Reduction & 
3. Torque Magnification 
According to [1], due to mechanical advantage, low torque capacity servo-
motors can control only up to ten times their own inertia (of rotating parts).  For 
applications where high stiffness is required, this capacity is usually limited to about 
four times the motor inertia.  Speed reduction is the main advantage, as motors run 
efficiently at their optimal running speeds, which are generally higher than most 
machinery driven by them.  Machines powered by high speed electric motors or 
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prime-movers (eg: engines), have to run at slow speeds but require high-torque to get 
the work done.  Since motors cannot supply the required high torque for the given 
input power, a speed reduction unit (viz. gear box) is a vital equipment placed 
between the motor and the driven machinery.  A gear transmission system is a device 
used to transmit mechanical rotary power from one shaft to another by increasing 
torque and reducing speed simultaneously or vice versa.   Fig. 1.1 shows commonly 
available conventional transmission mechanisms. 
 
Fig. 1.1 Conventional gearing systems – Image source [2] 
Modern high transmission ratio gear drives are in great demand at present as 
they have several advantages over their conventional counterparts.  Conventional 
gear reducers such as Spur, Helical, Bevel or Worm type transmissions (spur or 
helical, bevel and worm gearing systems with involute tooth profiles are considered 
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as "conventional gearing", in this report), have to be multi-staged (i.e., connected in 
series), when high speed reduction (or torque amplification) is required, owing to 
components' strength and size limitations.  Epicyclic gear trains have successfully 
satisfied the need over the past several decades, but they still cannot offer a minimal 
physical footprint.  Also, the number of components involved in torque transmission 
is relatively more, thus hindering efficiency; besides inertia and maintenance 
problems occur over their lifecycle. 
Other high ratio transmissions, such as harmonic drives have been attractive for 
high precision applications, but have some disadvantages – an increasing trend in the 
small initial backlash due to wear, higher wear-rate due to friction, lost motion due to 
low overall drive-stiffness, poor shock resistance and relatively low overall 
efficiency [3]. 
 
Fig. 1.2 Simple construction of a typical single stage Cycloidal drive; (Image source [4]) 
Cycloidal drives on the other hand, are becoming popular currently even though 
they were invented in the 1930's.  Earlier, precision manufacturing methods of the 
cycloidal shaped lobes (on the gear) were still in their infancy and also required 
expensive tooling and production skills.  With the advent of computer aided 
manufacturing, their production is not a difficult process now-a-days. 
The design configuration of Cycloidal drives is not only simple, but also sports 
salient features such as – very high reduction ratios achievable in a single stage 
(Sumitomo Heavy Industries, Japan  has a product range from 6:1 to 119:1 [5]) as 
compared to epicyclic drives of the same order, ability to withstand up to 500% 
shock overload, and very high efficiency across a wide speed range – all in a 
comparatively very compact form [5]. 
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Fig. 1.2 shows a simple schematic of the construction of a typical Cycloidal 
drive.  It has a smaller sized high speed input shaft (connected to the motor – not 
shown) on one end, and a much larger sized low speed output shaft on the other end.  
The Motor delivers low torque to the input shaft at a high speed.  A double eccentric 
bearing is mounted on the input shaft on which two Cycloidal discs (gears) are 
situated.  Their teeth mesh with stationary pins on the housing – which forms the 
annulus or the ring gear, with pins as its teeth.  Due to eccentricity at the input, the 
discs wobble as they are carried around the periphery of the annulus.  Since the teeth 
mesh with pins of the annulus, the discs spin slowly about their individual axes 
resulting in a compound conjugate motion.  Radially equispaced oversized holes 
provided on the discs interact with the pins of the output shaft (situated on the output 
shaft's flange), transferring only the slow axial spin of each disc to the output shaft.  
Usually two (sometimes three) discs are used, mutually opposed by 180° to balance 
the centrifugal forces. 
Technical Definitions 
The name "Cycloidal drive" is derived from "Hypocycloid", which describes the 
curve traced by a point on the circumference of a smaller circle rotating inside the 
circumference of a larger fixed circle.  If the smaller circle rolls without slipping on 
the outside periphery of the fixed circle, then it describes an "Epicycloid".  Park [3] 
defines as follows: “An epicycle is a circle which, by rolling around the outer or 
inner circumference of a fixed circle, generates a curve, epicycloid or hypocycloid 
(see Fig.1.3), respectively. This is why the planetary gear train is often called 
epicyclic gear train”. 
 
Fig. 1.3 Locus of a point on a rolling circle which rolls without slipping on the periphery of a fixed base 
circle is an Epicycloid and a Hypocycloid is that of a point on a circle which rolls "inside" the base circle 
circumference; (Image source [3])  
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1.2 Benefits of Cycloidal Drives 
Advantages of cycloid drives have made their design popular.  According to 
Sumitomo Heavy Industries, Japan [5], a well known manufacturer of Cycloidal 
drives, some merits are listed as follows: 
 Outstanding reliability:  Cycloidal drives are known for outstanding 
reliability and extended operating lifetime. With proper care, over 20 years of 
problem-free operation is possible. This is due to the complete absence of 
sliding friction as well as high material specifications, component quality 
controls and careful assembly procedures. 
 Large reduction ratios:  The reduction ratios are quoted as from 6:1 to 
119:1 in one stage, up to 7,569:1 in two stages and up to almost 1,000,000:1 
in three stages.  Fewer stages provide a much smaller physical footprint and 
envelope. 
 High shock loading capacity:  The Cycloidal drive’s external gear has an 
epitrochoidal tooth profile, which provides a high contact ratio. As a result, 
Cyclodrives can withstand up to 500% shock overload. 
 Compact size:  Cycloidal drives have 20% smaller overall dimensions for the 
same reduction ratio and power transmitted – than helical gear drives. 
 Large torsional compliance:  They are ideal for highly dynamic applications 
since they have a large torsional compliance and low inertia, thus well suited 
for frequent start-stop-reversing duties in combination with an adjustable 
frequency inverter. 
 Low noise:  Operating noise is low due to rolling contacts among the mating 
components compared to sliding contacts on conventional gearing. All torque 
transmitting components roll minimising component wear. 
 Excellent heat dissipation:  Outstanding heat dissipation aspect makes 
Cycloidal drives ideal for a wide range of applications. 
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 Overall economy:  This is due to competitive initial cost, high reliability, 
long life and minimal maintenance. 
Despite these benefits, Cycloidal drives have not entirely (and in some cases 
cannot) replaced the conventional drives.  In cases where input and output shaft axes 
have to be mutually perpendicular, worm or bevel gear drives are best suited.  For 
such cases where input and output axes are coaxial or parallel, Cycloidal drives can 
be used in place of conventional drives as they (Cycloidal) provide high efficiencies 
and high transmission ratios in a single stage, occupying a small space.  Lack of 
understanding of drive-train dynamics also hinders popularity.  Complex joint 
interactions and force distributions occur among the components of the Cycloidal 
drive – making them complicated and their dynamic characteristics hard to analyse. 
1.3 Motivation 
 
Fig. 1.4 Knowledge gap in understanding the dynamic behaviour of Cycloidal drives;                   
(Diagram by the author) 
Until now, there are no known design-standards for Cycloidal drives as 
available for conventional gearing such as spur/helical, bevel and worm type gears.  
Several manufacturers maintain their own production standards and do not disclose 
the technical details – probably to secure their market-foothold and to beat 
competition. 
Knowledge on Single-stage Cycloidal Drives 
Static Loading 
Excellent for constant 
loads as already 
established in 
Literature 
Can also be used 
to a significant 
benefit under 
dynamic 
conditions Knowledge Gap 
No knowledge of drive-
train behaviour under 
dynamic conditions until 
now 
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Literature available so far, covers the drive-train's kinematic design of 
components and static (gradual) loading under normal conditions.  The advantages of 
the Cycloidal drive under static conditions will also apply in dynamic situations 
where high-frequency, time-dependent loads occur even in daily service of the drive. 
Lumped inertia model analysis of the drive-train will help understand the 
load/speed transitions, which are common in normal service conditions such as in the 
case of 'sudden start' (abruptly starting the drive-train under load), or during shocks 
experienced by the driven machine from the motor through the transmission etc.  
Lumped inertia models require inertia, stiffness and damping characteristics of 
torsional vibrations of all involved components of the drive-train.  In conventional 
gearing, a pair or two pairs of gear teeth will be in constant mesh generally and it is 
easy to assess inertia and stiffness parameters.  Research is still ongoing with regards 
to damping behaviour of systems.  With what is known at hand, lumped inertia 
models of conventional drive-trains have long been developed and studied – for 
example, on large sized helical planetary speed increasing gear transmissions used in 
wind turbines [6, 7]. 
The essence of lumped inertia model analysis is to calculate the dynamic loads 
acting on the drive-train as accurately as possible so that an overload factor used in 
the design of the drive-train is not overestimated [7].  The design of the drive-train 
can be optimised to be as compact and light as possible, and not compromising other 
gains such as efficiency and high speed ratios. 
Contrarily in Cycloidal drives, complex force systems exist due to multiple 
contact deformations and ever changing magnitudes and directions of forces in the 
pin-tooth mesh.  To build lumped inertia models for Cycloidal drives, accurate mass 
moments of inertia, torsional stiffness and damping characteristics of all components 
are required.  In Cycloidal drives, due to multiple tooth-pin contacts, peak forces 
occurring over the period of the mesh cycle are hard to calculate.  Static Finite 
Element Analyses of drive-train models presuppose a quasi-static loading condition, 
because complex force interactions and load amplifications cannot be included in 
these simulations [7].  Research on methods to calculate accurate dynamic forces 
using FEA on gear trains is still advancing.  However, FEA can still be used 
considering quasi-static nominal load conditions once the instance of the highest 
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force acting on gear teeth are known.  Using FEA, stiffness parameters can be 
assessed for a given geometry. 
Information on Cycloidal drives is mainly accessible from various patents, some 
published journal papers and manufacturer's technical data available in their 
catalogues.  The Cycloidal drive mechanism has attracted many and each has termed 
a convenient keyword which complicates the information search process.  For 
example, some common keywords used to get published information close enough to 
match the attributes of Cycloidal drives or equivalents can be listed as: 
Cyclodrives, Cycloidal drives, Cycloid drives, Hypocycloidal gear transmission, 
Planocentric drives, Wobble gearing, Small teeth difference gearing, Cycloidal pin 
gearing, Planetary Cycloidal gear drives, Trochoidal gearing, KHV gearing, Pin 
wheel gearing, Differential Gearing, Wolfrom gearing, FA or RV type reducers, 
Double Crank Ring Plate Type Pin Cycloidal Gear Drive etc. 
All these attributes led to the investigation of drive-train dynamics which is the 
subject of this research. 
{KHV: K stands for "Central Gear", H stands for "Planet Carrier" and V for "Equal 
Velocity Mechanism" [8]. 
FA is the model designation given by Sumitomo Heavy Industries Ltd, Japan, for one 
of their high-precision Cycloidal drives product range [9]. 
RV is the short form for "Rotate Vector" [10]} 
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1.4 Research Objectives 
This research focuses mainly on developing a simplified undamped lumped 
inertia model to assess natural frequency modes of torsional vibrations using inertia 
and stiffness parameters of all components calculated from a typical single stage 
Cycloidal drive .  To supply parameters for inertia and stiffness, experiments and 
computational methods have been adopted.  Objectives and steps taken to fulfil the 
research requirements are described as follows: 
 Experiments using a stand-alone Cycloidal drive to assess the degree of 
non-linearity of the overall drive-train stiffness (torque to twist angle 
relationship) and the damping characteristics of the drive train subjected 
to several multiples of the manufacturer's rated nominal loading torque, 
when the output shaft is held immobile. 
 Development of a 3D Finite element model of the drive-train assembly, 
subjected to the static loading conditions of the experiments described 
afore in an FEA environment such as ANSYS Workbench (version 14.5 
– ANSYS Inc. USA) to understand the component interactions and to 
compare the overall stiffness with those determined experimentally for 
several loads. 
 Development of a phenomenological lumped parameter model of the 
Cycloidal drive-train using components' inertia, joint stiffness and 
damping parameters determined both experimentally and from 
computational analysis. 
 Evaluation of the dynamic factor (overload factor) required for optimal 
design of the Cycloidal drive-train – from experiments conducted on a 
novel test rig built specifically for this purpose. 
 Stiffness and Damping results are compared among the results of the 
dynamic lumped inertia model, static (stand-alone gear box) and 
dynamic (test rig) experiments. 
The outcomes of this research pave the way to further detailed studies that can 
be performed to acquire a more detailed understanding of the drive-train dynamics of 
the Cycloidal drive which has not been investigated systematically before until now.  
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1.5 Originality and major contribution of this research 
The originality and major contributions of this research are presented in the 
following sections: 
 Knowledge of the overall drive-train stiffness is required to use as a 
parameter in the simplified dynamic model to calculate the natural 
frequency modes.  This was achieved through conducting static loading 
and unloading experiments on a stand-alone Cycloidal drive (single 
gearbox), which revealed the torque/angular displacement relationship 
(overall drive-train stiffness).  Static loading and unloading (Hysteresis) 
experiments yielded a linear response up to 2.5 times the nominal torque 
applied at the input end. 
 Results of experiments conducted on the stand-alone drive as afore 
mentioned, were used to assess damping properties (logarithmic 
decrement, damping ratio, and overall damping coefficient using 
equivalent component inertia).  These parameters can be used in a lumped 
inertia dynamic model for further investigation using Finite Element 
Transient Analyses (subjected to time-varying loads) which characterises 
the Cycloidal drive from an operational dynamics point of view. 
 3D CAD and hence FEA models of the basic components of a typical 
Cycloidal drive-train were developed in SolidWorks (version 2012 – 
Dassault Systemes SolidWorks Corporation, USA), and ANSYS (version 
14.5 – ANSYS Inc. USA) softwares respectively.  Commonly used 
material properties such as density, yield strength etc, were used so that 
mass and inertia of all components were calculated and checked using 
SolidWorks CAD software.  A 3D Cycloidal disc model was created in 
SolidWorks from first principles.  This was validated by comparing 
against an analytical tooth profile generation method made available in a 
later literature [11]. 
 FEA simulations replicated the experiments conducted on the stand-alone 
Cycloidal drive, where the output shaft was held fixed and the input shaft 
end was subjected to a steady torque of various multiples (up to 4.5 times) 
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of the manufacturer-recommended nominal torque.  FEA results agreed 
with those of the experiments within an accuracy of 15%. 
 From FEA results and geometry of motion of components, a new method 
of computing the overall torque transfer efficiency of the output pin joint 
is presented, which when used to determine the elastic lost motion angle 
of the input shaft (by holding the output shaft immobile), matched with 
that determined from the experiments to be within a margin of 5.5% for 
torque values up to at least 4 times the rated nominal input shaft torque. 
 Using a developed phenomenological model (assuming a quasi-linear 
loading condition), the response of the drive train showing the torque to 
angular displacement relationship is presented.  Natural frequency modes 
calculated from the model matched with that of the experiments to be 
within an accuracy of 1%. 
 Experiments on the dynamic test rig have been performed to assess the 
transition processes of drive-trains i.e., response to suddenly changing 
loads typically evident in speed changes and load reversals during start-up 
or coast down whilst the drive-train is in motion.  It was noted that severe 
shocks which can stall a running drive-train can result in an overload 
factor (dynamic factor) as high as 4.3 times the rated input shaft torque 
(out of a manufacturer's rating of 5). 
1.6 Scope of this Research 
For the first time, a preliminary simplified dynamic (lumped inertia) model of 
the Cycloidal drive-train has been developed in this research using experimental and 
computational techniques to determine the loads, forces acting, active components 
participating in torque transfer – and hence their individual inertia and stiffness 
parameters.  Model-simplifications aided in estimation of fundamental drive-train 
frequency, which is independent of running speeds.  The natural frequency mode 
obtained by computation matched the experimentally measured value to be within a 
margin of 1%; highlighting the validity of the dynamic model.  Natural frequency 
modes of the drive-train are useful in analysing the operating conditions and the 
speed/load transitions (dynamics) involved. 
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Frequency of the working cycle torsional vibrations must not superimpose on 
the natural frequency modes of the drive-train to prevent resonance.  Due to 
resonance, peak forces arise that can damage the components of the drive-train while 
running at several speed ranges.  This research covers only the dynamic behaviour of 
a commercially available single stage Cycloidal drive operating at the manufacturer's 
nominal power rating by verifying responses of the experimental loading conditions 
with those of the theoretically developed phenomenological dynamic lumped inertia 
model.   
Bearing stiffness is a vast ongoing research topic on its own.  Bearing stiffness, 
solutions to statically indeterminate problems at different quasi-static situations with 
varying load and speed, backlash, lost motion, efficiency of joints etc., have to be 
considered as parameters in the dynamic lumped inertia model to fully define the 
loading conditions and the gear geometry – so that accurate forces and responses to 
given loading situations can be determined.   
However, assessment of these parameters is quite challenging and is not a 
straightforward operation.  Radial bearing stiffness is dynamic and changes 
instantaneously depending on geometry of loading and motion.  Research is still 
under progress with regards to radial stiffness characteristics of commercially 
available ball and roller bearings used for shafts.  In this study, only torsional loads 
and their responses have been considered duly and radial forces have been ignored in 
the preparation of the reduced lumped inertia model owing to computation simplicity 
and practicality. 
1.7 Research Methodology 
The schematic shown below in Fig. 1.5 helps understand the steps and methods 
taken by the author to undertake this research in quest for fulfilling the knowledge 
gaps identified by reviewing the available literature. 
This research involves experiments and Finite Element simulations of Cycloidal 
drive-trains subjected to static as well as dynamic loading conditions both from 
system's and components' points of view. 
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FEA showed the component-force-interactions, and opened insights into output 
shaft torque pulsations, equivalent torsional compliance of the output shaft and its 
significance in the drive-train, pin bending deformations, estimation of torsional 
stiffness of the cycloidal disc, critical joint torque-transfer efficiency etc. 
The results of FEA, static and dynamic experiments and that of the lumped 
inertia model showed similarity of responses, confirming the validity of the 
mathematical model that can be put to use in Cycloidal drive-train analyses. 
 
Fig. 1.5 Planning & execution of 'Investigation of Cycloidal Drive train dynamics research work'; (Model 
by the author) 
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1.8 Thesis Outline 
This thesis focuses on research performed on high transmission ratio single 
stage Cycloidal drives in nine Chapters.  The following outlines the individual 
chapter contents. 
Chapter 1 introduces the reader to the brief operation and benefits of a typical 
Cycloidal drive commonly in use for torque transfer along with their specific 
terminologies while highlighting their significance.  It outlines the objectives and 
major contributions of this research along with providing an overview of methods 
taken to conduct the research as well as other chapter contents. 
Chapter 2 provides an extensive review of information currently available about 
the design and development of Cycloidal drives.  From the information available 
through the review, knowledge gaps were identified which are addressed in this 
research.  Chapter 3 details the methodology used in this research to fulfil the 
knowledge gaps. The stiffness response of a drive-train under static loading using an 
experimental setup is detailed in Chapter 4. 
In Chapter 5, a newly developed experimental test rig to investigate the dynamic 
characteristics of the Cycloidal drive-train is detailed. 
Chapter 6 describes a component level numerical study carried out using Finite 
Element Methods on simplified key components of the drive-train.  Validated 3D 
CAD models of the main components and hence the Finite Element models of the 
same were used in a static study to compare the results with the experiments 
conducted before.  This chapter also presents an insight into component interactions 
and a new method of output torque transfer efficiency of the output shaft. 
In Chapter 7, construction of a simplified phenomenological dynamic (lumped 
inertia) model involving drive-train-components' inertia and stiffness are presented.  
The natural frequency calculated from the phenomenological model is compared 
with those obtained in static and dynamic loading responses of the experimental 
setup. 
Chapter 8 presents the discussion and inferences of this research. 
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Chapter 9 lists the research-deliverables and concludes the findings by collating 
the summaries of all chapters and presents directions for future work to be 
undertaken using the outcome of this research; wherein an accurate model including 
backlash, contribution of effective radial bearing stiffness and other parameters can 
be included to assess the transient response of the drive-train.  Such an accurate 
theoretical model could also be numerically validated by using further transient FEA 
techniques to study the component interactions of any Cycloidal drive design in more 
detail. 
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2. Literature Review 
Cycloidal Drives are already in use and commercially available from various 
manufacturers sporting varied advantages [5, 9, 12-15].  Components and spares of 
these gear-drives and gear-motor units are available for acquiring geometric data for 
modelling purposes, as done in this thesis. This Chapter provides the current 
available literature about cycloidal drives performing under static loading conditions, 
their advantages, limitations and other implications.  This chapter introduces some 
preliminary gearing features, classification and the evolution of the Cycloidal drive 
design starting from some yester-year patents to those of current design practice, 
followed by non-patent literature review and Industrial Research on popularly 
available Cycloidal drive designs.  A summary at the end of the chapter clearly 
presents the findings and knowledge gaps. 
2.1 Features of Gearing 
Cycloidal gears, like conventional gearing – do obey the 'law of gearing'.  This 
section briefly describes the present day gearing terminology commonly used in 
industrial practice as gearing fundamentals. 
2.1.1 Law of gearing & Internal - External Gear Pairs 
 
Fig. 2.1 Conjugate action according to the law of gearing (Image from [16]) 
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Two parallel shafts need to be turned synchronously to transmit uniform speed 
and power from one to the other.  To ensure this, the ‘law of gearing’ has to be 
obeyed.  Consider two gears A and B fixed to shaft axes O-O as shown in Fig. 2.1 
(adopted from [16]).  The two gears are in contact at point c.  It is evident that rA and 
rB are the pitch circle radii from O-O respectively of the two gears.  Pitch circles are 
theoretical circles that touch each other tangentially on which the gears turn by 
rolling w.r.t each other without slipping. 
Then according to the law of gearing, to transmit uniform rotary power from 
gear A to B or vice versa, the locus of point c must be a straight line, indicating that 
all points of contact hence developed due to angular motion are along this straight 
line – ab, which is known as the ‘line of action’ or the ‘pressure line’.  Point P is the 
pitch point which is at the intersection of the line of action and the line of centres O-
O. 
 
Fig. 2.2 Construction geometry of spur gears; (a) The pressure line and its angle with the tangent to a 
base circle; (b) Theoretical pitch circles of conjugate gears; (c) The involute originates from the base circle 
(Images from [16]) 
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The line of action makes an angle  , as shown in Fig. 2.2 (a), with a tangent line 
at point-P on the pitch circle, which is common to both gears.  This is the ‘pressure 
angle’. Standardised values of  commonly used currently are 14.5°, 20° and 25°.  
The 14.5° is now obsolete and the preferred pressure angle for most gears is 20°.  A 
circle drawn from one of the shaft centres that is tangent to the pressure line forms 
the base-circle from which the involute tooth form originates.  Pitch circles can be 
drawn when two centre points O1 and O2 are defined (Fig. 2.2-b shows the 
theoretical pitch circles). 
The involute form is the locus of a point on an unwrapping tangent to the base 
circle as is seen in Fig. 2.2 (c).  This form was developed for smooth conjugate 
action which has only rolling motion theoretically speaking, as some sliding is 
inevitable in practical cases.  This form is preferred in most modern gears because 
power can be uniformly transmitted through tooth-mesh even when the centre 
distance between the gears is varied.  In reality, two actual pitch circles can be 
realised only when two gears come into mesh with each other.  The centre-distance 
between the two, then determines the actual pressure angle.  This may be different 
from the theoretical (the working pressure angle); but the law of gearing is still valid, 
since tooth contact along the face of the involute tooth still passes through the line of 
action. 
Fig. 2.3 shows the general tooth nomenclature of the involute tooth profile of 
spur gears, which are theoretically understood as projections from the theoretical 
pitch circles.  Material outside is considered ‘added’ (for external gears as shown in 
Fig. 2.3) which defines the addendum and material ‘removed’ adjacent to the 
addition, defines the dedendum.  A clearance is usually maintained for lubrication, 
thermal expansion and to avoid tooth tip damage of the mating gear(s) at high 
speeds. 
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Fig. 2.3 Spur gear nomenclature (Image from [16]) 
Gear teeth of the involute type are generally formed by milling or hobbing with 
a cutter.  Internal gearing as well as rack and pinion are other commonly used types. 
 
Fig. 2.4  External and Internal gears; (a) Rack and Pinion (pinion is an external gear); (b) Internal-
external gear pair (Images from [16]) 
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In this report, the term "conventional gearing" is generally referred to involute 
toothed spur/helical gear pair (depending on tooth shape), either internal or external, 
unless specified otherwise. 
2.1.2 Composite Cycloidal teeth 
The involute profile was developed based on the drawbacks of the previously 
used cycloidal tooth as shown in Fig. 2.5. 
This type of tooth profile was commonly used earlier on external gears, before 
the development of the involute form [17].  A cycloid is the locus of a point on the 
circumference of a circle which rolls without slipping on a straight line.  If the rolling 
circle moves on the outer periphery of another fixed (base) circle, then it is called as 
an epicycloid.  On the other hand, if it rolls inside the circumference, then it is known 
as a hypocycloid [3]. 
Fig. 2.5 shows the theoretical construction of a cycloidal tooth shape for a rack, 
with composite upper and lower parts forming the tooth structure.  A point on the 
circumference of a rolling circle, starting at P, both above and below – would 
generate the portions of the composite cycloid [18].  The convention of this tooth 
profile generation was conceived to be generally applicable to external toothed gears, 
as it follows that its conjugate internal gear could be readily derived from the 
existing external tooth geometry.  The lower portion of the tooth profile (as is evident 
from Fig. 2.5) is preferably made bigger in comparison with the top portion so that 
the tooth can withstand gearing loads at its root and distribute the stress into the 
supporting material of the hub.  This is achieved by making the radius of the base 
circle that generates the hypocycloid slightly larger than that which generates the 
epicycloid (radius of a* > radius of a in Fig. 2.5). 
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Fig. 2.5 Hypocycloid (3*) and Epicycloid (3) portions forming a Composite Cycloidal tooth form [18] 
The downside of tooth-forms of the composite Cycloidal gears is that the centre 
distance must be strictly maintained.  If, due to unknown reasons, or manufacturing 
inaccuracies, the centre distance differed from the theoretically designed value (the 
deviation is common in practical cases), the tooth profiles rub each other leading to 
severe wear and tear with a drop in overall transmission efficiency and early 
component-replacements (on relatively short maintenance intervals) due to gear 
failure. 
Speed ratio limitation is a main setback of a practical conventional gearing 
layout involving only external toothed gears.  Maintaining the centre distance 
between the two gears to be exactly the same as the theoretical – even with highly 
accurate manufacturing standards is hardly possible, given any practical loading 
condition.  Hence the involute profile was developed as they are not sensitive to 
centre distance variations. Modern gears transmit power at high speed ratios, running 
at high speeds.  Both cycloidal as well as involute gears produce considerable noise 
while in motion.   
Currently, the cycloidal tooth is commonly used in wrist watches as their centre 
distance is maintained between two journals constituted by jewels (especially ruby) – 
as they provide rigid supports ensuring adequate centre-distance accuracy over time.  
The force passed by cycloidal tooth surfaces in a watch is fairly minimal, compared 
to those of industrial power transmission gearing.  Speed ratios are also relatively 
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small and movement is generally unidirectional, both for uniform as well as 
intermittent motion. 
Conventional involute as well as the cycloidal profiles have point-to-point 
contact, which limits load carrying capacity of the drive system.  Although helical 
gears have more tooth surface meshed (per conjugate pair) at any given time, they 
still have limited load carrying capacity.  Novikoff gear teeth provide surface-to-
surface contact, but they too are sensitive to gear centre-to-centre distance variations 
and are difficult to fabricate. 
For higher reduction ratios gear drives are generally multi-staged depending on 
the application.  Worm drives provide higher reduction ratios for transverse axes 
power transmission, but sacrifice on efficiency, due to severe tooth sliding losses.  
Multi-staging conventional drives on the other hand increase weight, space and 
inertia leading to reduced efficiency.  Also, with multi-staging frequent component 
replacement issues due to wear and loss of productive time arise.  Harmonic and 
Cycloidal drives are better alternatives for transmissions where very high reduction 
ratios are required with excellent overall efficiency with a small physical footprint. 
2.1.3 KHV gearing 
High speed reduction ratios cannot be achieved using only single pairs of 
internal or external gear pairs.  Epicyclic (also known as planetary) gearing is used 
when high speed ratios are required in a compact structure.  Combinations of both 
internally and externally toothed gears and pinions are used to form epicyclic gear 
trains.  High ratios are achieved by compounded motion of gears and pinions.  Yu [8] 
has shed light on dark corners of the vast family of epicyclic gear trains by re-
defining gearing arrangements and classifying them with appropriate nomenclature. 
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Fig. 2.6 Classification of Epicyclic Gearing given by Yu [8]; Schematic drive-train layouts of – (a) 
Planetary gear; (b) Star gear; (c) Solar gear; (d) Compounded Planetary gear; (e) Compounded Star gear; 
& (f) Compounded Solar gearing systems; (Image source [8]) 
Compound motion of gears consist of double movements viz. gears spin about 
their own centroidal axis simultaneously revolving around the main central axis of 
the gear train.  Yu [8] terms such systems as 'moving axis gearing'.  Fig. 2.6 shows 
schematic diagrams of 6 types of moving-axis type epicyclic transmissions.  Fig. 2.6 
(a) shows the classic planetary system, where the spinning pinion revolves in mesh 
around a central sun gear.  Fig. 2.6 (b) and (c) show a star and solar gearing system 
where the planet axis and the sun axis are fixed in both cases respectively.  Figs. 2.6 
(d), (e) and (f) show the same configuration with compound planets (pinions).  Of the 
6 combinations, Yu [8] considers only 4 to be rightfully belonging to the 'moving 
axis gearing' category, since the 'star gear' in Fig. 2.6 (b), and 'compounded star gear' 
in Fig. 2.6 (e) do not have moving axes, because the planet axis in each case is fixed. 
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Fig. 2.7 Schematic layouts of two families of epicyclic gearing from which the KHV originated; (a, b, c) 
2K-H(–) type; (d, e, f) 2K-H(+) type; (Image Source [8]) 
Further generalising the epicyclic trains, Yu [8] arrives at 2K-H(-) and 2K-H(+) 
configuration families.  By the term "2K", Yu [8] means two coaxial central (with 
either internally or externally toothed) gears.  "H" stands for the arm that carries the 
planet (the moving axis).  The negative or positive sign within parentheses indicate 
the direction of rotation.  'Negative speed ratio' means the direction of rotation of 
input and output shafts are mutually opposite and in 'Positive speed ratio' systems, 
they rotate in the same direction.  Three examples of epicyclic drive-trains belonging 
to 2K-H(–) are shown in Fig. 2.7 (a, b, & c).  All have two central axis gears 2K and 
a carrier arm, H.  Similarly in Fig. 2.7 (d, e, & f), members of 2K-H(+) are shown.  
The gear types used in these configurations can be of either parallel axis 
(spur/helical) or skew axis (bevel) gearing.  Yu [8] has developed empirical formulae 
Literature Review 
26 | P a g e  
 
about the efficiencies of each of the families and conclude that 2K-H(–) family of 
drives can achieve high efficiency, but the maximum speed ratio achievable is 
relatively small (not much larger than a pair of conventional externally toothed 
simple gear train). 
On the other hand, 2K-H(+) type can yield a high speed ratio in a compact size, 
but with low efficiency.  He states that a hybrid drive system comprising the two 
would be beneficial, which can deliver high efficiency & high speed ratio in a 
relatively small physical form.  Thus the KHV gearing system evolved having all 
these advantages.  The schematic diagram of the KHV is shown in Fig. 2.8.  Here 
only one coaxial internally toothed gear (K – the annulus or ring gear) is used along 
with a planet on its carrier H.  The term V stands for "Equal Velocity Mechanism" 
which is used to convert the wobbling and rotating motions of the planet to simple 
rotation of the coaxially placed output shaft, in front of the K-gear at a reduced 
speed. 
 
Fig. 2.8 Schematic of the KHV gearing system; (Image source [8]) 
The KHV configuration can have negative or positive speed ratios depending on 
the teeth arrangements between the K and the planet on H.  A relatively large planet 
yields the high reduction ratio.  The velocity mechanism-V, can be of several types.  
Some of them are discussed by Yu [8].  As is seen in Fig. 2.8, the V mechanism 
consists of a cardan shaft with a pair of universal joints at its ends.  This mechanism 
has its disadvantages such as locking of the joints at certain angles and high inertia.  
In Fig. 2.9 (a), another version of the V mechanism is schematically shown.  Yu [8] 
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terms this as 'Plate-shaft' type equal velocity mechanism.  This is similar to adding 
short cranks to the output shaft flange that are turned by oversized holes radially 
placed on the planet gear.  The differential motion of the planet turns the cranks at 
reduced speed and high torque.  Two planets placed with a phase difference of 180° 
are generally used to dynamically balance each other as their centrifugal forces 
cancel out while running at high speeds. 
 
Fig. 2.9 Plate shaft type Equal Angular Velocity mechanism for the KHV's output shaft; (a) Schematic 
representation; (b) Actual drawing showing a longitudinal section view; (Image source [8]) 
The "Plate-shaft" mechanism forms the basic layout of the present day Cycloidal 
drive which belongs to the KHV family of planetary drives.  In another version of the 
V mechanism, instead of the short cranks and the single planet, a compound planet 
gear is used as is shown in Fig. 2.10 (a).  The first set of gear teeth of the compound 
planet mesh with the fixed central annulus (ring gear K-shown as 'C' in Fig. 2.10-a), 
and the second set of gear teeth of the planet meshes with another central gear which 
is free to spin and supported by bearings.  The crank supplies power to the compound 
planet and the output is via the slow rotation of the free central gear (orange output 
ring gear in Fig. 2.10 b).  The common term used by Park [3] for this arrangement is 
"Differential Gearing", which is none other than the 2K-H(–) configuration.  Since 
Yu [8] considers 2K-H(–) to be different to KHV, strictly speaking, then 
"Differential Gearing" type of transmission system shown in Fig. 2.10(a & b) do not 
belong to the KHV family because of the presence of an extra K-gear & the absence 
of the V mechanism. 
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Fig. 2.10 Another form of Equal Angular Velocity mechanism of KHV – also known as "Differential 
Gearing System"; (a) Schematic representation; (b) CAD model assembly of Hypocycloidal Gear 
Transmission (HGT) (Source of both images [3]) 
Park [3] does not favour the plate-shaft type V mechanism in his report because 
of frictional losses and elongated force-path and prefers the 2K-H(–) configuration 
for actuators used for power transmission in military equipment handling devices in 
his report. 
 
Fig. 2.11 Floating Plate type Equal Angular Velocity mechanism for the KHV's output shaft (Image 
source: [19]) 
Yu [19] in another of his articles has provided "Floating Plate" (see Fig. 2.11), 
type equal angular velocity mechanism for the KHV drive.  As seen in the above 
examples, the tooth profile of the internal and external gear pair of the KHV can be 
of any form (eg. conventional involute, cycloidal, trochoidal etc), as long as they 
obey the fundamental law of gearing to transmit uniform motion.  Similarly the 
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output equal velocity mechanism can also be of any design depending on the 
application and practicality. 
One main advantage of KHV drive system over the 2KH is the ease of dynamic 
balancing.  A multitude of Cycloidal gears can be used in parallel offset at a 
calculated angle, so that at high speeds, the wobbling masses (performing compound 
motion) balance the centrifugal forces mutually.  The pins of the output shaft offer 
some bending compliance which in turn contribute to the overall torsional stiffness 
of the output shaft and hence the drive-train as a whole.  This advantage categorises 
these drives to be 'flexible' and 'shock resilient' and find their places in various 
applications where resilience to shocks and time-varying loads are frequent; eg: belt 
drives with frequent stopping or direction reversals. 
On the other hand, as Park [3] prefers, the 2KH (-) category to be more 
advantageous in robotic or servo applications where high precision motion is critical.  
This is achieved with tooth to tooth contact by using a compound planet (as shown in 
Figs. 2.10 a & b), and two ring gears.  Park [3] has designed circular arc tooth 
profiles for his actuator application, and maintains that 2KH is the most beneficial 
hypocycloidal gear drive with precision motion.  The down side of 2KH is that two 
compound gear pairs cannot be used in compact drives and the need for a balancing 
mass is unavoidable. 
For conventional tooth-to-tooth contact type gear drives, the design standards 
for validating the tooth strength and wear resistance is given by AGMA (American 
Gear Manufacturers' Association), as shown in Appendix A. 
For robot drives, high torsional stiffness is desired.  Since standard Cycloidal 
drives lack this aspect (input end or the high speed end of Cycloidal drives have large 
backlash and lost motion due to their design and construction), a preliminary 
planetary spur gear system is added at the high speed end, because planetary spur 
gears with multiple planets have considerably high torsional stiffness.  Such gearing 
systems are commonly used for robot and servo applications where high precision 
motion is required. 
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Well known manufacturers of commercially available high precision Cycloidal 
drives are [13, 15].  This type of gearing system is generally known as the 2KV 
system as there are two central gears and a prominent equal velocity member. 
 
Fig. 2.12 Nabtesco's RV VIGO precision motion transmission and schematic showing the construction and 
working (Images from [15]) 
Nabtesco company of Japan [15] is a very popular manufacturer of the 2KV 
type Cycloidal drive with an initial spur gear reduction as is shown in Fig. 2.12. 
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2.2 Early Cycloidal Drive Patents 
 
Fig. 2.13 Lorenz K. Braren (inset) and his 'Gear Transmission', (1928 – US Patent # 1,694,031) [20] 
Lorenz Konrad Braren invented the Cycloidal drive which was presented in his 
1928 patent – 'Gear Transmission' [20] (US Patent # 1,694,031 – see Fig.2.13).  The 
modern cycloidal drive is a direct descendent of this design.  Braren's design was 
ahead of its time sporting – complex trochoidal tooth profiles meshing with pins of 
the annulus (the stationary ring gear).  Other inventors favoured tooth to tooth 
contact while Braren focused mainly on tooth to pin contact. 
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Fig. 2.14 L.K. Braren's tooth profiles in 'Gear Transmission', (1932 – US Patent # 1,867,492) [21]; (a) 
epitrochoid tooth profile; (b) hypotrochoid tooth profile (Image source: [21]) 
In his design, Braren refers the Cycloidal gear as "Intermediate disc".  Input and 
Output shafts are termed as "Fast" and "Slow" shafts.  Output shaft roller is called as 
a "Holding Member".  As described before, an epicycloid does have cusps – points 
of discontinuities as the slope of the curve changes direction.  If a continuous tooth 
profile was generated using normal epicycloids (as seen in Fig. 1.3), it becomes 
kinematically invalid because, while rotating, the tooth profile meshing with its 
conjugate pin gets wedged at the cusp unable to move further – as it does not have 
enough leverage to get out of the jam.  Hence a prolate form of the epicycloid offset 
by a radial distance is commonly used to counter this problem as seen in Fig. 2.14(a). 
A curve is generated by a point fixed inside a rolling circle (designated as '41' in 
Fig. 2.14-a) [21], when it (rolling circle) rolls without slipping on the outer periphery 
of a fixed base circle (marked '40' in Fig. 2.14-a), making a complete revolution and 
finishing at the start position.  Locus of the selected point ('42' in Fig. 2.14-a) within 
the rolling circle describes a curtate epicycloid.  This curve is offset by a distance to 
get the actual prolate tooth profile.  This distance is usually known by the term 
'equidistant'.  The ratio of the diameter of the base circle ('40') to that of the rolling 
circle ('41') should be a whole number, otherwise the locus of the point in question 
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('42') would not form a closed loop.  The speed ratio of the transmission thus, is the 
ratio of the diameters of the base and rolling circles.  It must be noted that the 
location of the point selected for the locus ('42') can be at any distance away from the 
rolling circle's centre, which is known as the 'curtate factor'.  Each location would 
generate a particular prolate epicycloid, all belonging to the family of epi or hypo – 
trochoids separated by the 'equidistant'.  This distance is chosen – such that the 
profile of the curve generated makes an appropriate tooth mesh with the pins of the 
ring gear (annulus). 
An epitrochoid is thus "a locus of a point chosen to be within and rigidly 
attached to a rolling circle which rolls without slipping on the outer periphery of a 
fixed base circle whose diameter is proportional to that of the rolling circle as a 
whole number".  On the other hand, if the rolling circle rolls within the inner 
periphery of the fixed base circle, then a hypotrochoid is generated (see Fig. 2.14-b). 
Braren used the prolate form of the curve (with equidistant) because of its 
advantages:  
o The absence of cusps give better acceleration as there are no single line 
contacts between the tooth profile and its conjugate pin for longer 
duration of disc rotation.   
o Both single as well as multiple disc configurations can been realised. 
o With multiple discs, he has not only achieved dynamic balance, but also 
reduced bending strain on the fast and slow shafts. 
The pins of the annulus are cantilevered type (see top drawing of Fig. 2.13), 
with one end secured in a slot provided in the non-moving member and the other end 
poking out for meshing with the tooth profiles of the discs.  A support ring, located 
between the two discs, is recommended for higher loads to assist in equalising the 
load on the pins.  As a rule of thumb, Braren recommends equal number of output 
shaft pins as there are tooth profiles on the discs for heavy loads; or the ratio of the 
number of teeth to the number of discs (for multiple disc versions), must be a whole 
number so as to be able to locate the output bore holes when drilling them in tandem. 
The shape of the curve and the direction of rotation are determined by the teeth 
difference.  An epitrochoid curve for the tooth form is required when the number of 
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annulus' (ring-gear's) pins is at least 1 more than the number of teeth (epitrochoid 
profiles) on the disc.  On the other hand, if the number of pins on the annulus is at 
least 1 less than the number of teeth, then a hypotrochoid curve is required for the 
tooth form.  This is commonly known as a Cycloidal drive with a teeth difference of 
-1 (or generally – negative tooth difference Cycloidal drive).  Then both fast & slow 
shafts would rotate in the same direction.  Various other designs are available with 
either configuration.  By simply noting the tooth difference (and identifying 
whichever is greater – whether the number of pins or tooth profiles), the direction of 
rotation and the type of curve used can be quickly determined. 
It is observed that in Fig. 2.14 (a), for a positive teeth difference of +1, 10 pins 
& 9 teeth are required; whereas in Fig. 2.14 (b), for the same transmission ratio (the 
number of teeth on the disc is the transmission ratio), with negative teeth difference, 
only 8 pins are required for the 9 teeth to mesh with.  Thus the hypotrochoidal 
version provides the advantages of using less ring gear pins and both shafts turn in 
the same direction. 
In another similar KHV derivative, McIver, in his 1950 patent [22], has 
developed both KHV and 2KV versions of his 'Gear transmission' (see Fig. 2.15).  
His intention, in addition to eliminate pulsating output was - to minimise the force 
couple occurring due to large centrifugal forces of the planets while running at 
extremely high speeds up to 20,000 RPM.  To achieve this, in the KHV version of 
his invention (see top drawings of Fig. 2.15), he has split a planet gear longitudinally 
in half and used them on either side of an uncut planet in the centre, and all three 
gears being offset from the central axis; the two halves being in phase with each 
other and out of phase by 180° with the central thick gear. 
McIver states that – while running, a pressure is applied to the walls of the slow 
speed shaft pin-bushes by the apertures in the planet due to its wobbling compound 
motion.  This pressure results in pulsations.  By choosing 9 pins on the slow speed 
shaft spider to be a minimum, and any odd number greater than 9, if additional 
rollers are required (presumably for larger sized drives or special ones that can carry 
heavy loads), McIver claims that he has eliminated the torque pulses of the driven 
shaft caused by pin-aperture connections.  For example: if one planet was used 
transmitting torque to 9 pins with input shaft running at 1,000 RPM, 9,000 pulses per 
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minute is experienced at the slow speed end.  He explains - that if an even number of 
pins are used on the spider, even with a pair of planets opposed by 180°, it would not 
change the pulsation frequency since opposite pins receive maximum thrusts from 
each planet.  It is not clearly established though, why the pulsations are reduced with 
pin numbers being 9 or a greater odd number.  This could be due to a geometry 
related attribute of the mechanism structure. 
 
Fig. 2.15 McIver's 'Gear Transmission', (1950 – US Patent # 2,508,121) [22] 
Also, for the tooth form, he has used standard involute profile with a very short 
addendum to avoid tooth-interference.  The direction of rotations of the input and the 
output shafts are mutually opposite in this example with a speed reduction ratio of 
64:1. 
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To have the same direction of rotation for both input and the output shafts, 
McIver presents a variation of his original design wherein, he adopts a kinematic 
inversion of the said mechanism (see bottom drawings of Fig. 2.15).  Here he has 
fixed the slow speed shaft pins to the housing, which causes the slow speed shaft to 
produce a reaction torque to be in the same direction as that of the high speed input.  
McIver [22] claims through experimental validation that his designs have an average 
efficiency of a constant 81% with speeds in the range of 1,000 to 12,000 RPM and 
torques between 120 and 600 lb in.  At 200 lb in., he reports that he achieved a top 
efficiency of 83.2% running between 1,000 and 8,000 RPM. 
Despite the claims, no information is found regarding the lost motion, torsional 
compliance, backlash or the need for 9 or more output shaft pins to minimise output 
shaft torque pulses.  The use of such drives is obvious for machines running at very 
high speeds (turbines).  Lubrication and other issues have not been presented in the 
report.  Modern single and dual stage cycloidal drives are claimed to possess higher 
efficiencies with a kinematic configuration much similar to the one explained here 
[5, 14, 15, 23], but operating at much lower speed and torques in contrast.  Tooth 
losses could be attributed to the reduced efficiency found in McIver's patent designs.  
The patent lacks detailed explanation of the tooth profile design and other vital 
features.  Experimental validations have to be thoroughly examined for any design 
improvements. 
 
Fig. 2.16 Royal Lee's 'Speed Reducers' (1964 – US Patent # 3,129,611) [24] 
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Royal Lee, [24] in 1964 patented a double stage reduction cycloidal drive, 
which resembles the high precision modern cycloidal drive.  Here, his main objective 
was to reduce the running speed of the eccentric to avoid undue wobbling forces.  To 
accomplish that he added an initial conventional spur gear reduction (of about 5:1) as 
shown in Fig. 2.16, and a secondary cycloidal tooth-pin gearing in his invention. 
The central small sun spur gear (see '21' in the middle drawing of Fig. 2.16), is 
the input shaft run by a prime mover.  The larger surrounding spur gear planets 
arranged at a phase of 120°, mesh with the sun gear and drive parallel crankshafts 
which incorporate eccentrics.  Eccentrics mounted on these shafts carry the cycloidal 
planet gear – thus the Cycloidal gear receives its wobbling motion not from the 
centre, but from 3 radially disposed spur planetary gears.  There are a multiple of 
Cycloidal gears and eccentrics arranged in this fashion for load sharing and dynamic 
balancing. 
This design carries a multiple of each main component of the drive, thus adding 
to the weight as well as inertia of the system.  The spur gears reduce the motor's 
input speed to turn 5 times slower.  The reduced speed of the gears turn the cycloidal 
discs (gears) via the eccentrics mounted in three places per cycloidal gear.  Rolling 
element bearings are provided in the vicinity of the eccentrics to minimise friction.  
Owing to the three spur gears, the total eccentric load is reduced to a third and hence 
is well distributed on the planet wheel. 
The output from the planet wheel is similar to the normal cycloidal drive by pin-
spider mechanism as usual.  Inclusion of the primary spur gear reduction increases 
the overall torsional stiffness as an added advantage.  The elongated force path, 
increased mass and inertia are a setback though. 
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Fig. 2.17 Fukui's 'Speed Change Device', (1982 – US Patent # 4,348,918) [25] 
In his 1982 patent, Fukui [25] has improved the output shaft end design  by 
replacing the crank pins with a unified robust construction that still performs as a 
crank – with improved bending stability of the redesigned pins (see Fig. 2.17).  This 
design offers greater stability and the invention is suited for applications where high 
torsional stiffness is crucial (eg. robotics).  In robot applications, high torsional 
stiffness of the drives are vital, because the electronic encoders have to be calibrated 
taking into account the relative elastic torsional deformations of the input and output 
shafts.  Any variations in stiffness during operation, would defy the calibrated 
conditions resulting in positional errors. 
In this design, in order to reinforce the output shaft crank, space for the central 
eccentric bearing is sacrificed – leaving no choice but to use the space in between the 
arms of the fused output cranks.  Hence, three crankshafts have to be used situated at 
120° apart from each other around the central axis.  To run three crankshafts 
synchronously, an initial external gear set is required and is inevitable.  The planetary 
spur reduction set is similar to the one used in Royal Lee's invention – seen in Fig. 
2.16.  More rolling element bearings are required for this configuration – increasing 
the number of components and hence friction and inertial effects.  Although this 
drive is crowded with components at the centre, it still has a compact structure and 
small sized crankshaft bearings which provide more load carrying capacity. 
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Why an initial planetary spur gear reduction is required before the Cycloidal 
reduction? 
Matsumoto et al, [26] have clearly explained in their patent 'Robot Arm Drive 
Apparatus' (1987), the reason for having a primary spur gear reduction for robot arm 
drive applications.  Electric motors run at high speeds and low torque.  To drive a 
mechanism such as an articulated industrial robot using electric motors, speed 
reduction units (gear transmissions) are required of suitable reduction ratios in single 
or multiple steps.  Matsumoto et al [26] found that natural frequencies of torsional 
vibrations of the low speed part of the drive-train of the reduction gear unit often 
coincided with those of the intermediate arm of the robot (shown highlighted in Fig. 
2.18), since it is located mid-way of the open chain mechanism (articulated robot arm 
mechanism is an open chain type kinematic linkage). 
 
Fig. 2.18 Typical articulated industrial robot arm (Image source [26])  
Being a loaded member with relatively high flexibility, torsional vibrations of 
the robot arm in general, were observed to be within close vicinity of the vibration 
band of this articulated link (shown highlighted in Fig. 2.18).  If the natural 
frequencies of the arm as well as the slow speed components of the gear transmission 
(which drives the arm) coincide, then resonance occurs resulting in severe vibrations 
that are transmitted to the free end of the arm (which is of relatively lighter 
construction) – causing positional errors of the end-effector. 
Matsumoto et al, state that the reason for resonance occurrences in such 
applications is due to the low torsional rigidity of the drive-train.  Low rigidity of the 
drive-train is caused by the manufacturing errors, clearances and tolerances found 
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among mating geared components.  Compensatory approaches such as adding a pre-
tensioned timing belt or a damper comprising of weights and springs only complicate 
the system let alone alleviate resonance frequencies.  Besides, for various 
applications, the payload on the robot arm need not be constant, but can vary not 
only being task-specific but also over the work cycle time (eg: In quick pick-and-
place operations, inertia and hence vibrations vary when a mass is picked up or set 
down). 
As Matsumoto et al, [26] point out – the key to eliminate the resonance 
phenomenon in robots is to have the arm and drive-train made such that the band of 
natural torsional vibration frequencies of the composite is located far away from the 
vicinity of the electric motor's normal operating frequency spectrum.  Since the arm 
and the transmission are connected together, they act as two springs connected in 
series.  Hence, increasing the spring stiffness (torsional rigidity of the drive-train), 
does not achieve the desired result.  As an alternative trial, the inventors used a 
Cycloidal drive with rubber inserts fit in annular grooves provided in load bearing 
portions of the eccentric input shafts and torque support portions of the output pins.  
Even then, resonance was unavoidable, because the speed of the motor was a 
constant during most of the operating cycle. 
This led the inventors [26] to develop the two stage speed reducer unit with a 
primary spur gear and secondary Cycloidal reductions.  The inventors [26] state that 
the primary reduction ratio has to be chosen such that the rotational frequency after 
the first stage of reduction should be slightly lower than the natural frequency range 
of the low speed part of the drive-train in order to avoid resonance. 
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Fig. 2.19 Matsumoto et al, - 'Robot Arm Drive Apparatus' (1987 – US Patent # 4,690,010) [26] 
The inventors [26] describe the solution development process as 'unthinkable', 
since adding an extra primary reduction unit would increase weight and inertia 
contrary to the generally accepted notion that 'weight and inertia of moving parts 
have to be reduced' to put it to efficient use. 
The output shaft pins in their invention take a newly defined shape unlike the 
simple cylindrical pins with bushings as is seen in Fig. 2.19 (shown in colour).  The 
shape adds more rigidity to the output pins by minimising bending flexibility of the 
cantilevers.  Robotic applications require precise movements with negligible 
backlash of the drive-train. 
For common applications where precision motion is less critical – such as 
conveyor drive systems, drum drives, fluid agitators etc, plain cycloidal drives 
(without any primary reduction systems) are best suited.  Although such 
transmissions are not articulated-Robot-friendly, their applications in other fields that 
are less stringent in precision motion requirement are many. 
Several other patents have been approved and many of the commercialised 
gearing systems have stood the test of time [21, 24-47]. 
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2.3 Previous Research on Cycloidal drives at QUT, Brisbane, Australia 
Key aspects of Cycloidal drive-design are torsional stiffness, lost motion and 
backlash, which have to be controlled for optimum performance.  Park [3] has 
defined each term quoting from Nabtesco's (a manufacturer of Cycloidal drives) 
technical information. 
"Torsional Stiffness is the elastic relationship between the torque applied to the 
input shaft (usually the high speed shaft) of the Cycloidal drive and its twist angle", 
(defined by Park, 2005[3]).  From System Dynamics' point of view, a high torsional 
stiffness results in high natural frequencies: 
     
 
  
 
  
      
                                                         
   is the natural frequency of the drive system,    is the overall torsional 
stiffness and        is the equivalent mass moment of inertia of actively participating 
components of the drive-train.  With high natural frequencies, settling times are short 
ensuring precision motion.  As mentioned earlier, the working natural frequencies of 
the system involving the drive-train must not coincide with those of the drive-train or 
the motor frequency to avoid resonance (Matsumoto et al. [26]).  Resonance leads to 
large destructive forces within the drive-train. 
In a drive train, the output shaft and rotating components after the speed 
reduction are built strong enough to handle large forces and torques.  Naturally their 
mass moments of inertia would be very high compared to the high speed members 
before the reduction.  But the inertia of the slow moving members, when taken with 
reference to the input member, must be divided by the square of the reduction ratio 
(which is derived from the kinetic energy balance equation – see Chapter 7, § 7.1.3).  
For very high reduction ratios, their squares are larger numbers.  Dividing the inertia 
by such large numbers make them very small relative to that of the input members.  
The total of all input members' inertia along with the reflected inertia of the output 
members form the equivalent mass moment of inertia       . 
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"Lost Motion is the angular deflection measured under a certain amount of 
torque", (defined by Park, 2005 [3]).  In practical terms, it is the angle of turn of the 
input shaft when the output shaft is held immobile. 
As Park [3] states, backlash is found within the lost motion region of the drive.  
In industrial practice, the lost motion is "set" to be within a band of ± 3% of the rated 
input torque of the drive (see Fig. 2.20).  Typical hysteresis curves are shown in Fig. 
2.20 which is a plot of applied torque vs. turn angle in both directions (clockwise and 
counter-clockwise), when the output shaft is fixed for a typical dual reduction 
Cycloidal drive of the 2KV type (described before at the end of § 2.1).  The common 
industrial practice is to draw a midline between the loading and unloading response 
curves and mark off points on the midline such that they are 3% of the rated torque 
away from the ordinate axis.  This angle is usually the normal lost motion of the 
drive train according to some manufacturers [15].  Kuzmanovic et al, [48] point out 
that since there is no standard for the design of Cycloidal drives, industry practice 
varies among manufacturers – as some prefer a ±2% of rated torque limit on lost 
motion. 
 
Fig. 2.20 Backlash and Lost motion according to Nabtesco High Precision Gear Drives (Image source: [15]) 
"Backlash of normal gear transmissions is the amount of angular motion 
necessary for all the transmission's mating parts to come into contact so that torque 
(power) can be transmitted through them", (defined by Park, 2005 [3]). 
Backlash in Cycloidal drives is measured from the hysteresis curve (see Fig. 
2.20), on the ordinate axis where there is no torque applied.  It is the angle measured 
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as the distance between the two extreme points on both hysteresis curves.  Since this 
angle is within the lost motion band, only lost motion is considered as crucial. 
Due to the absence of proper design procedures and lack of information on 
dynamic characteristics of Cycloidal drive transmissions subjected to transitional 
processes (suddenly changing speed and torque conditions while the drive is under 
load, response at start-up, coast down, during shock loading etc), Kosse V., [49-53] 
experimentally investigated the torsional stiffness, hysteresis and damping behaviour 
of a typical single stage high ratio Cycloidal drive and compared the results with 
those of an equivalent epicyclic (planetary spur) gear transmission with involute 
teeth – subjected to the same experimental conditions and concluded the following: 
a. Both Cycloidal as well as epicyclic drives exhibited nonlinear stiffness 
characteristics, but stiffness during loading cycles was almost linear in 
both cases for medium to large loads. 
b. Stiffness of the lubricated transmission was slightly higher than the dry 
one. 
c. Input shaft lost motion in the lubricated Cycloidal drive (55.7°) was 
slightly higher than in the dry condition (55°). 
d. Lost motion in epicyclic gear box was about 8 times smaller than that of 
the Cycloidal drive. 
In another set of experiments, he investigated the damping behaviour in both – 
lubricated and dry conditions concluding: 
i. Higher impact forces used to excite the drive-train showed lower natural 
frequencies. 
ii. For lower excitation forces, log-decrement increased during decay cycles 
by 7%. 
iii. Both for dry and lubricated gearboxes – natural frequencies during the 
unloading cycles were slightly higher than those of the loading cycles for 
the same load. 
iv. Damping in the lubricated Cycloidal drive at higher loads was slightly 
higher than the dry one. 
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Kosse, V. [49-53] concluded that Cycloidal drives have a unique and 
complicated response to suddenly applied loads.  Lost motion makes heavy impact 
on drive train dynamics and transition processes (response to sudden start/stop or 
response to a shock load while the drive-train is in motion), which can be 
investigated through mathematical (lumped inertia) modelling.  Mathematical 
modelling of transition processes of Cycloidal and Epicyclic drives presents a 
challenging problem – they have a stationary link (the Annulus) in both cases. 
In an earlier paper, Kosse, V. and Mathew, J., [54] developed mathematical 
models and solution techniques for high transmission ratio Harmonic Drives.  
Harmonic drives also have a stationary link, the Annulus.  Kosse and Mathew [54] 
introduced the "Moving Wall" concept to determine the relative angular velocity of 
the stationary link with respect to the moving gear by considering the stationary link 
to imaginarily move at the same speed and direction of the input member so that the 
differential motion can be estimated by solving equations. 
A similar technique can be applied to the Cycloidal drive, but numerous 
unknown factors pose a challenge to do so; and more research is required in this area 
of the art.  In this report, a preliminary phenomenological model based on an existing 
drive is addressed and the challenges encountered are explained.  To prepare a 
lumped inertia dynamic model, inertia, stiffness and damping characteristics of all 
components are required.  Experimental validation must be performed to validate this 
modelling approach. 
Several simplifications, assumptions and linearised models may have to be used 
to arrive at a viable solution.  Calculating the torsional stiffness of components can 
be quite challenging, although for commonly used components such as shafts and 
bearings, several Russian researchers have developed empirical formulae which aid 
in analytical studies.   
However, calculating torsional stiffness of complex geometries such as the 
Cycloidal disc (gear) is not a straight-forward task.  Kosse, V. [55] has presented 
techniques to calculate the torsional stiffness of the flexible gear in Harmonic Drives 
using radial tooth deformations.  Kinematics of Cycloidal drives differ from that of 
Harmonic drives, thus different methods have to be explored to assess the same. 
Literature Review 
46 | P a g e  
 
2.4 Other Literature Sources 
Other non-patent review of Cycloidal drive characteristics are sourced from 
available published technical and journal papers.  One of the earliest papers on 
Cycloidal drives by Botsiber and Kingston [56] provides the construction method of 
the Cycloidal gear (disc), given the speed ratio and other basic parameters.  They 
have stated that the operating stresses in the drive are different to the conventional 
gearing with surface contact stresses being more prevalent.  They have stated that the 
load conditions are analogous to those in roller bearings or free-wheeling clutches.  
Authors of [56] state that Cycloidal drive components are commonly made of 
bearing steel and share the same characteristics as those of rolling element bearings. 
This dictates that the design and testing procedures of Cycloidal drives are 
similar to those of rolling element bearings.  Determining the forces and stresses in 
rolling element bearings is very challenging and research is still ongoing.  Their 
design is based on statistical and probabilistic methods of bearing failure predictions 
verified by long term rigorous testing. 
 
Fig. 2.21 The Cycloidal drive is far more compact than various conventional equivalents of the same power 
capacity and speed ratio; (Image source: [56]) 
They have described the profile generation methods (similar to L. K. Braren's 
methods – (see Fig. 2.14-a), manufacturing difficulties and teeth grinding techniques 
etc before concluding that Cycloidal drives have long trouble-free service life, high 
efficiency, compact in size and less prone to tooth failures. In conventional gearing 
(spur/helical) tooth failures are common at high loads as only a few conjugate teeth 
share the load.  They have compared the physical size of Cycloidal drive with 
Literature Review 
47 | P a g e  
 
equivalent conventional drives as shown in Fig. 2.21.  They state that three reduction 
stages are required to achieve a speed ratio of 75:1 using conventional compound 
gear trains.  Sizes of conventional gear drives are determined by permissible tooth 
loads and the desired ratio is obtained by selection of appropriate pitch circle 
diameters.  For larger sized gears, their housing sizes are also large (eg. the 
differential gear box size in Fig. 2.21 is far larger than the Cycloidal drive, even 
though their capacities are the same). 
Malhotra and Parameswaran [57] were the earliest researchers who have 
presented a procedure to calculate the forces acting on various elements of the 
Cycloidal reducer, along with the theoretical efficiency and the effects of design 
parameters on forces and contact stresses.  They have presented a contact stress 
formula at any point of contact on any meshing tooth which also includes the 
Cycloidal disc thickness.  No other source reviewed so far has clearly mentioned 
how to calculate the thickness of the Cycloidal disc.  They have used a theoretical 4 
lobed Cycloidal disc meshing with 5 equispaced pins of the annulus to arrive at the 
forces acting at various interfaces.  They also have developed theoretical formulae to 
calculate the efficiency of the drive – which could be used to optimise the design of 
the drive-train. 
In most cases, the Cycloidal drive is considered analogous to precision rolling 
bearings in terms of mechanical design as stated earlier.  High precision rolling 
bearings as well as Cycloidal discs share the same type of material – High Chromium 
Bearing steel [4, 58] (AISI 52100 steel – American Iron and Steel Institute). 
The procedures for selection of a drive based on main parameters such as 
transmission ratio, speed and operating conditions are emphasized in general by 
Yang and Blanche [59].  Furthermore, they present two formulae for selection of 
Cycloidal drives – one for estimating backlash and the other for torque ripple.  They 
focus on the kinematic relationship among tolerance, drive parameters (gear ratio, 
normalised tooth height and pitch diameter) and other performance indices (backlash 
and torque ripple).  Also they had developed (in 1989), a numerical computer model 
to analyse performance levels using the C++ programming language. 
Literature Review 
48 | P a g e  
 
Litvin [18, 60] has clearly explained the methods of writing rigid body equations 
of loci of points of interest on conventional gear tooth surfaces using coordinate 
transformation.  This method has been utilised by several researchers not only to 
develop the tooth profile, but also for generating meshing equations of the Cycloidal 
drive.  Some of them are detailed in the following paragraphs. 
Hwang and Hsieh [61] used KHV derivatives or gerotor type hydraulic pump 
mechanisms as a basis to develop mathematical models as they are kinematically 
similar to the Cycloidal drive.  Ye, Z. et al [62] have focused on the geometry of the 
rotors and have developed simple explicit formulae for cycloid tooth profiles to 
eliminate ‘undercutting’.  Chen, et al [63] have studied the gear geometry of 
cycloidal drives.  They have established a meshing equation for drives with small 
teeth difference (between the annulus and the Cycloidal planet gear) and a universal 
equation of conjugated profile based on cylindrical pin-tooth contact. 
Meng, W., et al., [64] have synthesised a mathematical model of transmission 
performance of cycloidal mechanism with one tooth difference – based on static 
analysis of actual meshing between gear pairs considering friction.  They also present 
a computer programme for output moment calculation, to analyse the effects of the 
kinematic parameters on transmission performance.  They have applied their model 
on a self-locking vehicle seat adjusting mechanism. 
Kim, K. H., et al., [65] performed analyses of torsional rigidity and contact 
forces on a multi-crank input dual stage 2KV type Cycloidal drive.  They calculated 
contact force and pressure by iterations comparing between Finite Element Analysis 
(for contact force values) and Hertz contact theory (for contact stiffness).  Based on 
these values torsional rigidity of the drive was assessed and compared with the 
experimental results.  The authors concluded that bearing and non-linear Hertz 
contact theory should be considered in the analysis and design of a Cycloid drive, as 
large radial forces act on each eccentric bearing. 
Lost motion in the Cycloidal drive-train includes clearances and manufacturing 
and assembly tolerances among mating components, gear teeth deflections at full 
contact and load, bearing clearances, and to a great extent – on the magnitude of 
torque applied.  Modelling of clearances between teeth by using analytical means and 
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ADAMS (a dynamics software module from MSC software) was given by 
Chmurawa and Lokiec [66].  They have analytically calculated static tooth loads due 
to applied torque on the cycloidal tooth profiles and pin rollers. However, these 
calculations were not verified by experimental results and have not been used in 
determining the dynamic response of a system subjected to time-dependent loads. 
At a component-level study, to understand the effect of the applied load (in the 
form of torque and speed) on the components within the Cycloidal drive, a numerical 
computational study is most appropriate and economical rather than detailed and 
complicated experimentation.  Force interactions and contact deformations occurring 
at the component level can be virtually visualised using the currently available state-
of-the-art Finite Element Analysis (FEA) software packages such as ANSYS, 
SolidWorks etc. 
In literatures described afore, commonly an equation based profile generation 
method is used to create the Cycloidal disc geometry.  Speed ratios of Cycloidal 
drives used by these authors were not as high as 87:1.  Authors base their research on 
a theoretical model and have not provided information on tooth profile 
modifications, which are common in industry standards.  For example, not all 
parameters can be determined using the equation based approach alone to prepare a 
geometric 3D CAD model of an existing Cycloidal disc.  Most paper literatures 
begin with radii of base and rolling circles and a curtate factor (the distance of the 
tracing point from the centre of the rolling circle – see § 2.2) as fundamental 
parameters that are required to build tooth and disc geometries. 
Though this may be an ideal and logical approach, with profile modifications 
(after teeth generation on the gear blanks), added clearances and tolerances for 
assembly and thermal expansion allowances alter the equation based fundamental 
approach.  To what degree the actual profile deviate from the ideal for a given model 
of a particular speed ratio can hardly be established using theoretical approach alone.  
Besides, the tooth profiles cannot be distinguished by eye or by measurement. 
The construction details of the Cycloidal gear geometry vary among 
manufacturers and the details are not disclosed to general public or academia – 
probably to secure their market-foothold and excel in competition as there are no 
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design standards for this type of transmission yet.  The subject of this research is a 
single stage high transmission ratio Cycloidal drive whose component geometry is 
unlike any other found in currently available literature.  Any tooth profile 
modifications applied to the Cycloidal discs as a result of optimised design, were 
unknown in the initial phases of this research.  Data obtained from experiments 
performed using this particular drive to assess stiffness and damping characteristics, 
may not necessarily be applicable to all types of Cycloidal drives in general. 
In this research, a 3D FEA model of the main components of a typical Cycloidal 
drive of 87:1 transmission ratio was modelled based on the actual physical 
measurement data of the real components of the drive and geometric curve fitting 
techniques validating with the geometry creation technique provided by a recently 
available literature [11]. 
With 3D CAD geometry, FEA studies can be performed and the results of which 
can be compared with experimental results to understand the dynamic behaviour of 
the Cycloidal drive.  FEA can also be used to assess small deformations of 
complicated geometry which in turn can be used to calculate torsional stiffness of the 
involved components.  For example, calculating torsional stiffness from the 
tangential tooth deflections of the Cycloidal disc is not difficult using FEA, once the 
correct loads and boundary conditions are known. 
The main aspect of FEA is that the solution (and its accuracy), of a structural 
problem depends on appropriate problem definition (loads and boundary conditions), 
and the intricacy of the mesh-model.  Also, FEA studies are time and computing 
resource consuming.  Despite correct problem definition, if unable to converge on 
the solution – which may be due to errors in geometry, loading conditions, large 
loads, insufficient data or computing memory etc, FEA softwares cease to progress 
and list errors only after a considerable computation time has been elapsed 
necessitating a re-run with appropriately modified &/or possible dwindled problem 
definition.  Although FEA is a multi-iterative process, it still finds an important place 
in research and engineering activities because of ease and economy of use, ability to 
visualise concepts such as stresses, minute deformations etc, which are otherwise not 
physically possible to perceive. 
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Lei et al [67] have come up with a theoretical overall stiffness calculation 
method, validated by FEA study of a Cycloidal drive.  Their method is commonly 
applied by most authors – which involve estimating component angular deformations 
resulting from applied torque and reflecting them to either input or output shaft end 
by either dividing or multiplying the square of the effective reduction ratio.  They 
have validated their analytical estimation model by comparison with a suitable Finite 
Element Analysis of the drive-train model, which agrees to be within 2% margin.  By 
considering fixed input and output shafts, they have applied a tangential tooth force 
which results in a rotation of the annulus.  The angle of rotation of the annulus as a 
result of the calculated applied torque is used as the tooth-mesh stiffness, which is 
reflected to the input or output member using the reduction ratio as explained earlier.  
At the output end, the Cycloidal discs transfer power to the output shaft pins mainly 
by bending.  The output shaft pins bend as they transfer torque.  The authors of [67] 
have estimated the bending stiffness of the cantilevered output shaft pins by using 
normal elastic bending theory. 
However, normal bending theory cannot be used in all applications, since some 
manufacturers use short cantilevered beams for enhanced rigidity.  Stiffness formulae 
of such beams are difficult and cumbersome to synthesize, given geometric and 
loading complexities (for example, using three Cycloidal discs on the same output 
pin together results in a statically indeterminate beam problem).  The load 
distribution among the teeth of the Cycloidal discs or among the output shaft pins 
defines each set of stiffness values at particular angular positions of the Cycloidal 
discs.  These have to be considered to calculate the overall stiffness of the drive-
train, which can later be used in dynamic modelling. 
The load distribution among the meshing teeth of the Cycloidal disc as well as 
that of the bending of output shaft pins due to the output torque being transferred is 
vital to stiffness calculation strictly at a component level.  Several other authors [67-
72] have attempted to present stiffness estimation techniques using similar methods, 
but have not systematically investigated at each component level, and base their 
results on assuming that load distribution on the output shaft pins to be sinusoidal or 
deduced according to a different method, which is not clearly described.  They have 
also attempted to analyse the effect of tooth difference in Cycloidal drives which is 
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greater than one (difference between the number of annulus pins and the teeth of the 
Cycloidal disc).  Some have used a two disc system and others work with three discs. 
Owing to their different nomenclature system (and keywords) for each 
component, the various kinematic configurations of Cycloidal drive and complicated 
force system among the interacting components, a common systematic method of 
stiffness estimation is quite challenging to derive for a Cycloidal drive in general. 
Also, almost all of the above mentioned authors of the literature sources use an 
equation derived tooth curvature formula involving the curtate factor.  This 
parameter can vary among various Cycloidal drive configurations depending on the 
number of teeth, pins, size etc.  The curtate factor and several other toothing 
parameters of the Cycloidal drive presented in this research were not initially known 
to make use of the available literature.  Also, some authors are not specific about the 
load and boundary conditions they used in their FEA studies of the drive – in quest 
of the drive-train stiffness. 
Thube and Bobak [73] have performed simple dynamic numerical FE analysis 
on a simplified Cycloidal drive mechanism involving only the annulus pins, 
Cycloidal disc and output rollers.  They have established that Cycloidal drives have a 
peak dynamic factor of 5 – meaning they can withstand torques up to 5 times greater 
than their rated input torque. 
Tooth meshing forces can be determined either analytically as given by some of 
the authors [66, 67] who prefer equation based tooth generation and component-force 
derivations or numerically using rigid multi-body analyses.  Thube and Bobak [73] 
point out that rigid multi-body analysis can aid only in a quasi-static tooth meshing 
stiffness, which is true only in an instant during the full mesh cycle in Cycloidal 
drives.  Tooth meshing forces are more than one because of multiple teeth engaging 
at any instant.  Also, the magnitude and directions of these forces continuously vary 
as the teeth roll while meshing with the pins of the annulus.  Then the calculated 
force vectors are valid only in a quasi-static model and they cannot be generalised to 
determine the ever-changing instantaneous mesh stiffness – commonly termed as 
dynamic tooth mesh stiffness.  Thube and Bobak [73] recommend transient FE 
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analysis to determine the dynamic stiffness characteristics of the drive-train 
subjected to realistic loads. 
As discussed earlier, the FE mesh model of the Cycloidal drive component 
assembly is quite complicated for the computation tasks performed in a transient 
analysis.  The problem size can be enormous when it is simulated using only the 
main parameters such as torque, speed and some known boundary conditions.  Lei et 
al [67] have alleviated this problem by dividing the Cycloidal drive mechanism into 
two FE models, namely – the input and output parts.  Both models are solved 
separately using known/calculated loads and boundary conditions.  They base their 
stiffness findings on quasi-static FE analysis of both models. 
Quasi-static stiffness characteristics of the drive-train can also be of value from 
a peak stresses and deformations point of view, which is why it is commonly sought-
after in the design phase of the mechanism. 
Chen et al, [74] have focused their research on a new "Double enveloping 
Cycloidal drive" which has tooth to tooth contact.  Fig. 2.22 shows the schematic and 
model views of the same.  They also have adopted a dual stage reduction Cycloidal 
drive in which a primary spur geared planetary reduction is further reduced by 
Cycloidal transmission.  The tooth profiles of both Cycloidal discs as well as the 
Annulus have epitrochoidal geometries. 
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Fig. 2.22 Double enveloping Cycloidal drive developed by Liu, J., et al [75], (Image source: [75]) 
Liu, J. et al, [75] have provided a method to calculate the torsional stiffness of 
the Cycloidal disc using a geometrical approach with parameters such as moment 
arm distances, contact forces and deformations at several contact points of tooth 
mesh (see Fig. 2.23). 
Using the cosine rule and comparison of triangles, the angle of turn due to tooth 
meshing forces is estimated, which is used in ratio of the torque to twist angle to 
obtain the overall mesh stiffness of the Cycloidal disc.  Here, the authors of [75] 
assume that only half of the number of tooth profiles of the disc engage completely 
in mesh with those of the annulus.  Ideally this is not the case in Cycloidal drives.  
As is seen in Fig. 2.23, the tooth lobes of the disc (blue) and the annulus (red) touch 
normal to each other.  Contact deformations, if any, would not directly affect the 
torsional stiffness of the disc. 
Stiffness calculations of the output mechanism have not been presented in their 
paper.  However, the authors of [75] have compared their analytical calculations with 
experimental results to an agreeable degree indicating that small differences in 
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calculations do not deviate from the actual response.  The tooth lobes are wide and 
few in number, because of a small reduction ratio.  This is because their model has 
an initial spur gear reduction.  In normal single stage Cycloidal drives with high 
ratios (87:1 or higher), several closely spaced, relatively small tooth geometries sit 
close together.  The size of the teeth and the arc of the pin pitch circle of the Annulus 
determine the number of pins engaging with teeth which affects the tooth mesh 
stiffness. 
 
Fig. 2.23 Torsional stiffness calculation method given by Liu, J. et al  [75](Image source [75]) 
In another paper, Liu, J. et al [76] have investigated the modulation side-bands 
of the tooth meshing frequency of their two stage double enveloping tooth Cycloidal 
drive.  They have calculated theoretical meshing frequencies and compared with an 
experimental drive-train on a dynamic test rig equipped with a powder brake 
dynamometer to be in good agreement with each other.  They state that the primary 
spur gear system vibration is modulated by the motion of the planet gear relative to 
the measuring transducer of the test rig – causing varying transmitted signals.  They 
have identified the main and side bands in the frequency spectrum of their test 
results. 
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Fig. 2.24 Torsional Stiffness of conventional spur gear pair using nodal displacements in FEA by 
Kiekbusch et al, [77] (Image source [77]) 
Kiekbusch et al [77] have presented an excellent computation technique of 
estimating the torsional mesh stiffness of a conventional spur gear pair using static 
Finite Element Analysis using ANSYS software.  Their method is to determine nodal 
displacements (see Fig. 2.24), of elements of the mesh model of the gear pair at 
selected locations such as the inner diameter of the hub, the root of the tooth, tooth 
midrib at its peak bending location and point of contact with the mating gear tooth in 
an appropriate software such as ANSYS.  Angular displacements resulting from 
tooth bending deformations are calculated and used in the ratio of the applied torque 
to angular twist to get the mesh stiffness. 
These techniques can be used to determine the mesh stiffness of the Cycloidal 
disc which can be used in a lumped mass dynamic model to estimate its natural 
frequency and other dynamic characteristics.  As Rivin [78] states, "stiffness is 
geometry dependent"; the principle of calculation techniques taken from the above 
examples can be applied to any Cycloidal drive in general, but they vary individually 
among different configurations as their geometry determines their stiffness. 
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2.5 Industry Research 
Cycloidal drives are currently becoming more popular in industrial applications, due 
to the ease of production of complex curves with sophisticated machine tools such as 
the Computer Numerical Controlled (CNC) machining centres.  Several 
manufacturers have included the Cycloidal drive transmission in their product range 
to suit various applications.  This section briefly describes the types available, their 
advantages and limitations, available speed ratios etc.  Most manufacturers offer 
Cycloidal drives for the general purpose speed reduction (and torque multiplication), 
as well as for precision motion machinery such as robotics and automation 
applications involving servo systems. 
 
Fig. 2.25 Sumitomo's "Cyclodrive" – (a) section view of a single stage transmission; (b) single stage gear 
motor [79] 
2.5.1 SM Cyclo 
Sumitomo Heavy Industries [79] are well known, long standing producers of 
Cycloidal drives and Cycloidal gear motors (see Fig. 2.25 a & b).  Their term 
"Cyclodrive" is for commercial purpose which is well known.  Both general purpose 
and precision Cycloidal drives are marketed by Sumitomo under the commercial 
terms "SM-Cyclo" and "Fine Cyclo" respectively.  SM-Cyclo is available with speed 
ratios in the range of 6:1 to 119:1 for single stage reduction units.  Ratios between 
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121:1 and 7,569:1 are presented in double stage Cycloidal reduction units.  With 
triple stage reduction, a range between 8,041:1 and 658,503:1 is offered.  The entire 
product range spans 23 sizes with torque ratings between 55 lb-in and 60,300 lb-in 
(6.22 Nm – 68,154.13Nm) at input power from 0.1 hp to 235 hp (0.0746 kW– 
175.31kW).  SM-Cyclo features and benefits are listed below as per [5]. 
 500% Shock over load capacity: Sumitomo claims that at least 30% of 
disc profiles (teeth) share the shock overload (which is inevitable in 
industrial applications) and the main components of torque transfer are 
loaded in compression rather in tension, which eliminates the possibility 
of tooth shearing due to shock overload. 
 High Efficiency: For single stage drives, SM Cyclo is reported to have 
about 95% efficiency rating and about 85% for double stage units. 
 Compact Size: Since the Cycloidal drive is a high ratio drive, very 
high ratios can be easily achieved using only two or three drives with 
various combinations of ratios selected for each one.  Due to small 
number of parts involved in the Cycloidal drive mechanism; the overall 
size is small compared to conventional equivalents such as the standard 
spur, helical or even epicyclic gear transmissions. 
 Overall economy:  Cycloidal drives offer several advantages starting 
from a low initial cost, high reliability, long life (long term maintenance 
free units in some speed ranges) with minimum maintenance. 
 Capacity for frequent Start-Stop and severe reversing: The low inertia 
makes the drive respond quickly to changing loading conditions.  Shear 
free profiles have less wear rate. 
 Low Noise:  The components have rolling motion with minimal or no 
sliding which result in quiet operation. 
 Energy saving motors: Sumitomo offers high quality energy saving 
motors for their Cycloidal transmission. 
 No thermal factor limitations 
 Exceptional life:  Up to 50,000 hour operation with negligible 
component wear. 
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2.5.2 Fine Cyclo 
For precision motion, Sumitomo offers the "Fine Cyclo" range [13, 80] as 
shown in Fig. 2.26. 
 
Fig. 2.26 "Fine Cyclo" range from Sumitomo (Images from [13, 80]) 
Fig. 2.26 shows several design variations of the mechanism.  The F1C-A is a 
pancake type compact drive with large crossed roller bearings holding a compressed 
version of the output shaft.  These modifications are application oriented, as they are 
used for robots, automated equipment, servo drives and other precision motion 
examples.  The FA series has three Cycloidal discs for speed reduction, being fed by 
a central input shaft with three integrated eccentrics.  The FT version however, has 
two stages of reduction.  An initial epicyclic spur gear reduction of small ratio (about 
5:1) is achieved by a small spur gear coaxial with the motor shaft, meshing with 
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three spur gears that carry the eccentric shafts which turn two cycloidal discs.  The 
discs perform the usual compound motion and turn the output shaft.  Reduction ratios 
are – 29, 59, 89, 119 and 179 to 1 for a single stage, with a rated output torques 
ranging up to 5,140 Nm in such compact sized drives.  The manufacturer specifies an 
acceleration torque of 7,610 Nm and an emergency stop peak torque (due to 
dynamics) of up to 24,000 Nm.  The highest input speed for these drives is 6,150 
RPM. 
Although the manufacturer terms "zero backlash", a lost motion as small as 1 
arc minute (0.01666°) is unavoidable owing to the trochoidal curvature of the tooth 
and clearances resulting from added tolerances due to machining, assembling etc.  
All are grease lubricated for life except a few high torque versions which need 
regular regreasing.  Some authors present their research on such Cycloidal drives 
named 'FA Cycloid drive' [67, 69, 81, 82]. 
2.5.3 Circulute (from Shimpo Drives) 
 
Fig. 2.27 "Circulute 3000" from Shimpo Drives [12] – (a) Quarter section view; (b) Longitudinal section 
view (Both images from [12]) 
Shimpo Drives [12] (see Fig. 2.27) make conventional, bevel, epicyclic and 
Cycloidal drives in their product range.  Their commercial term for the cycloidal 
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drive is "Circulute 3000".  With regards to Cycloidal drives, they have two varieties 
– the 'normal backlash' and the 'precision backlash' (low backlash) models (similar to 
Sumitomo's SM Cyclo and the Fine Cyclo).  Their classification of Cycloidal drive 
products is based on the type of motor used.  Standard drives can be run by an 
ordinary induction motor, where as the high precision drive (with minimal backlash), 
is normally used for servo applications, hence they are driven by a servomotor.  The 
high precision drives have relatively higher torsional stiffness – with inherent 
backlash of about 0.1° (< 6 arc minutes as Shimpo claims), as opposed to 1° backlash 
in their normal backlash range. 
A commonly used approach to eliminate backlash in conventional lightly-loaded 
low ratio sheet-metal gears [83] is by using two identical gear halves placed 
coaxially, one behind the other touching, and their teeth disposed by one tooth – but 
held together by a spring as shown in Fig. 2.28.  This setup is then meshed with 
another gear with the teeth disposed by 1 tooth.  The spring force presses both halves 
to the contacting surfaces of the mating gears thus making them backlash compliant. 
 
Fig. 2.28 Backlash is eliminated by stacking two gear halves, displaced by 1 tooth and held by a 
spring (Image source [83]) 
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A similar approach used by Shimpo, is evident although explained in less detail, 
by angularly disposing the two halves of the split annulus (see Fig. 2.27-b), which 
enables preloading one disc relative to the other.  This gives the precision backlash, 
which in this case is reported to be about 6 arc minutes or less. 
Shimpo also promises advantages similar to Sumitomo with high ratios, 
components with rolling motion with minimal or no sliding, high efficiency (of about 
95% per stage of speed reduction), capability to withstand 500% shock overload, etc.  
In addition, Shimpo also claims that due to a large overall 'tooth/pin' contact area, the 
required service factors for their drives are relatively low in comparison with normal 
service factors prescribed by AGMA for general gear transmission devices. 
Reduction ratios from 11:1 to 71:1 is available from single stage drives and a 
range of 121:1 to 5,041:1 for double reduction drives (with precision backlash).  
With an initial planetary reduction followed by cycloidal reduction, a range of 33:1 
to 5,751:1 is achievable. 
 
Fig. 2.29 Shimpo compares Circulute's tooth pin force reactions with Sumitomo's SM Cyclo (Images from 
[84]) 
Additionally, in a comparison with an SM Cyclo equivalent, Shimpo maintains 
further advantages [84] as shown in Fig. 2.29.  Large reaction force components are 
seen acting on the eccentric bearing resulting from tooth pin mesh.  Engineers at 
Shimpo state that SM Cyclo has convex tooth-pin contacting surfaces as opposed to 
convex and concave (as seen in Fig. 2.29) of Circulute's design.  This, along with the 
large force component directed towards the eccentric bearing is likely to cause 
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damage to the input shaft which is keyed to the eccentric bearing.  The Circulute, 
having comparably low pressure angle due to its modified trochoid tooth profile, 
loads the eccentric significantly less than that of SM Cyclo thus providing more 
torque rating for a given frame size. 
 
Fig. 2.30 Shimpo highlights the advantage of the spacing between Output shaft bearings by comparing its 
Circulute with SM Cyclo (Images from [84]) 
The pin end of Circulute's output shaft is supported by a large ball bearing (see 
Figs. 2.27-b and Fig. 2.30), which makes it a long spanned simply supported beam 
(within the space available) rather than a cantilever as seen in SM Cyclo, with both 
bearings on one side of the mechanism resulting in cantilevered forces on bearings.  
Besides this, other advantages Shimpo claims about its Circulute is that it has a 
hollow input shaft which brings the motor closer to the drive thus further achieving a 
smaller physical footprint. 
Given all these claims, it does not lead the user to conclude that one brand is 
superior to the other in some aspects.  The maximum ratio available for the single 
stage Circulute is 71:1 where as it is 119:1 for SM Cyclo [79].  With very high ratios 
such as 87:1 for single stage SM Cyclo (which is the subject of this thesis), the 
trochoidal tooth geometry is different to that of drives with relatively low speed 
ratios from the same manufacturer.  This profile does provide a convex-concave 
interface for the pin and tooth profile respectively (discussed later).  On the other 
hand, the knowledge on rolling element bearings has been well developed lately and 
the modern day bearing manufacturers are further improving their quality and load 
capability.  Proper bearing selection can still be made for countering cantilevered 
forces. 
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2.5.4 Nabtesco Precision Drives 
Nabtesco company of Japan [15] is a very popular manufacturer of the 
Cycloidal drive with an initial spur gear reduction similar to the type explained 
earlier (see Fig. 2.12).  Nabtesco produces the RD and GH series gear motors for the 
standard and high speed applications.  Only gear drives without the motor span – 
RV, RV-C, and RV-E series with various available combinations of drive end 
options such as without bearing support for output shaft, hollow centre drives etc for 
specific industry uses have reduction ratios ranging from 81:1 to 192.4:1 for single 
stage units [15].  They also have AR series servo actuators with an inbuilt motor, 
brake and an encoder for indexing applications. 
Nabtesco also claims that their drives are able to withstand 5 times the rated 
torque due to shock overload (500% overload due to shock), low vibration, high 
starting efficiency, low wear and backlash (< 1 arc minute) and long life etc.  Several 
authors [10, 85-87] refer to such drives from Nabtesco as RV drive (RV standing for 
"Rotating Vector" – given by [10]) instead of the standard term 'Cycloidal Drive'. 
2.5.5 Onvio Drives 
 
Fig. 2.31 Onvio's "Dojen" Reducers (Images from [14]) 
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Onvio LLC of USA [14] (as is seen in Fig. 2.31) manufactures Cycloidal drives 
similar to the earlier explained "2K-H(–) Differential Gearing" (Fig. 2.10 a & b).  
Cam roller followers with integral needle bearings are used throughout instead of 
pins and bushings for the annulus and the slow speed output flange for controlled 
preloading between cycloidal cam teeth and follower, and for low friction purposes.  
Onvio claims that this preloading ensures zero-backlash for all its drives.  The output 
is via a flange with integral peripheral ball bearing for support and assisting direct 
assembly to the driven unit. 
Although the central eccentric carries two cycloidal discs, one mesh with the 
rollers of the annulus (which are immobile) and the other transmits torque to the 
output flange through contacting roller followers that are attached to the mobile 
output flange.  Due to difference in tooth-roller meshing forces, an extra balancing 
mass is required for smooth operation.  Onvio delivers its product range in nine 
frame sizes (diameters 4" to 19.25") with torques ranging between 100 lb-in and 
100,000 lb-in. (an integral servo motor and brake are optional additions).  Input 
speeds up to 8,000 RPM can be handled.  49 reduction ratios are available from 9:1 
to 256:1 and with additional planetary reduction, an overall 256,000:1 or more could 
be achieved.  An overall efficiency rating starting from the smallest drive in the 
range available is between 70%-85% as reported by the manufacturer.  400% shock 
overload capacity is claimed by Onvio LLC for all products in the range.  All Onvio 
drives are grease lubricated. 
Onvio also claims – "Every cam follower is in contact at all times, the load is 
equally shared.  This guarantees consistently high torsional rigidity independent of 
load position" [14].  This statement does not specify what load is equally shared.  As 
pointed out by Shimpo in Fig. 2.31, the tangential component of the meshing force 
produces torque, while the radial force is supported by the bearing.  Even though all 
rollers are in contact with cycloidal cam teeth at all times, only some of them at any 
given time participate in torque transfer as evident in the normal cycloidal drive 
mechanism and its operation – which would be the case with Onvio's design as well, 
though not mentioned in the source material. 
  
Literature Review 
66 | P a g e  
 
2.6 Selection Procedure 
Most manufacturers recommend Cycloidal drive selection from their output 
range based on required input and output torques, speed ratio, service factor for 
transmissions standardised by AGMA (American Gear Manufacturers' association, 
USA), and overall duty cycle of loading the drive-train. 
Sumitomo Heavy Industries, Japan [5] classifies its single stage gear motors and 
Cycloidal drives into three classes based on AGMA's recommended service factors.  
Class 1 is for gear-motors and Cycloidal drive units subjected to steady loads not 
exceeding normal motor rating with a service condition of 8-10 hours of operation a 
day.  Operations involving moderate shock loads can also be included in Class 1 
transmissions, but only for intermittent services per day.  The recommended AGMA 
service factor for Class 1 drives is 1.0. 
Operation with steady loads not exceeding motor rating, but with service 
conditions of up to 24 hours of operation is classified as Class 2 drives.  The AGMA 
service factor of 1.4 applies to this category.  Moderate shocks can be included to 
Class 2 drives but limited to only 8 hours of service per day. 
Class 3 drives are recommended for heavy duty machines running continuously 
for 24 hours a day with moderate shocks during operation.  Heavy shocks can be 
allowed, but these are limited to only 8 hours of service a day for safe and long life 
of transmission units.  AGMA recommends a service factor of 2.0 for such cases. 
Using the service factors, the average usage duration, accelerating and 
decelerating times and speeds are used to calculate the service cycle based on the 
input shaft and output shaft speeds and torques.  This required data is compared 
against a factory standard performance data and the gear motors are selected for the 
particular operation. 
2.7 Available Design Standards 
There are no design standards for the design of Cycloidal drives [48, 88].  The 
top standards organisations for conventional geared transmissions of the world [88] 
are ISO (International Standards Organisation), DIN (Deutsches Institut fur 
Normung – German Institute for Standardisation), AGMA (American Gear 
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Manufacturers' Association), JIS (Japanese Industrial Standards), JGMA (Japanese 
Gear Manufacturers' Association), Australian Gear Standards, French Gear 
Standards, Italian Gear Standards and British Gear Standards.  These do not address 
the design and manufacture of Cycloidal drive transmissions.  However, there is only 
one standard for Composite Cycloidal toothed gears (watch gears) under British 
Standard BS978 Part 2 1984: Specification for fine pitch gears – Cycloidal type gears 
[88]. 
2.8 Software simulation packages 
Analytical methods for force analysis which later aid in predicting working 
stresses, strains, deformation and other aspects of engineering interest are common 
methods of machine design.  They suffice for well defined mathematical models as 
they are strongly theory dependent.  As long as the model is subjected to external 
loads which are in strict agreement with their theoretical basics, well established 
analytical techniques can be directly applied to achieve these aspects of interest as 
mentioned before.  However, in the case of complex geometric models, such ready-
to-use techniques may be severely limited leaving the problem unsolved or with 
erroneous results. 
Numerical techniques have been developed to solve such problems, which give 
an approximate result in the first attempt, and close to accurate results can be 
achieved after numerous iterations.  Since this method is computation-intensive, they 
are better solved using a computer.  Software programmes that handle codes which 
perform such calculations automatically in iterations until the solution converges to a 
specified value, can be accepted as a close enough solution depending on the 
problem statement and the solution sought. 
Several computer software packages are available in market currently which 
state-of-the-art hardware as well as software suited to specific engineering problems.  
For gear design analyses for example, software packages that can generate accurate 
geometric tooth profiles are available as modular programmes.  Similar applications 
are available for higher computation techniques such as Finite Element Analyses 
(FEA).  For FEA to perform, 2 dimensional (2D) or 3 dimensional (3D) Computer 
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Aided Design (CAD) models are needed for geometric mesh models to apply the 
specified boundary conditions and loading. 
Most popular software packages available currently are SolidWorks (Dassault 
Systèmes, USA), Inventor (AutoDesk Inc, USA), Creo Parametric (PTC, Inc. USA) 
etc.  These packages support 2D as well as 3D model creation, auto drawing creation 
assist etc, standard or basic FEA code for simple stress strain solutions of common 
problems encountered by engineers and draftspersons in an engineering firm.  For 
solutions of complex problems involving non-linear systems – software packages 
such as ANSYS (ANSYS Corporation, USA), ABAQUS (ABAQUS, USA), 
ALGOR (ALGOR, USA), NASTRAN (MSC Software, USA) etc., top the list. 
SolidWorks CAD environment [89], similar to other competitive software 
packages available currently, has the facility of creating 3 dimensional geometric 
models using known measurements, assigning material properties, modelling into 
assemblies etc, apart from performing simple Finite Element Analysis computational 
techniques to simulate a real engineering problem to solve for stresses, deformation, 
strains etc.  Also, given a 3D geometry of any shape, geometric properties such as 
areas, second area moments, volume, mass (given material density), mass moments 
of inertia can be evaluated with ease. 
No matter how accurate these models are, several real world situations are best 
modelled with parameters obtained from experiments on research prototypes or 
commercially available models using appropriate electronic equipment and sensors.  
Such signal data are processed using packages such as MATLAB (MathWorks Inc., 
USA) conveniently as they have been developed specifically to perform such tasks. 
In this research, SolidWorks 2012 package was used to generate 3D CAD 
models and to assess their physical and mechanical properties such as density, 
volume (for a given material), mass, mass-moments of inertia etc.  ANSYS 
Mechanical (version 14.5.7) was used for numerical computational analysis for drive 
train simulations.  MATLAB (version 2012a) was used for signal processing of 
experimental data.  Detailed aspects of drive-train signal processing are explained 
later in this report and in Appendix B. 
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2.9 Summary 
As is evident from the previous sections, the design of the Cycloidal drive is 
complex with numerous building blocks and methods of construction.  Depending on 
the application, component geometries are optimised to suit the requirements and are 
named according to their functionality.  This has led to multiple keywords all linking 
to information about the Cycloidal drive in general. 
Assessing the dynamic characteristics of the drive-train would provide an 
understanding of its dynamic behaviour that not only helps in optimising the drive-
train's structural design, but also enables finding of new applications where it can be 
appropriately used, establishing condition monitoring guidelines of modular systems 
involving Cycloidal drive-trains etc.  This research systematically investigates the 
drive-train response to simulated real-life service conditions through 
experimentation, simulation, analytical techniques and from gathering all scattered 
information from various sources. 
The following sections present the Literature Review findings and knowledge 
gaps respectively. 
2.9.1 Literature Review Findings 
Review of currently available literatures summarises the following: 
 Cycloidal drives are known for their advantages of having very high 
transmission ratios in a single stage, highly efficient, compact in size, 
high shock loading capacity (up to 5 times the rated input torque), large 
torsional compliance, low noise and limited maintenance to name a few.  
They are derived from a hybrid (known as the KHV drive) of 2K-H(–) 
and 2K-H(+) type of epicyclic drives.  The high efficiency is derived 
from the 2K-H(–) branch because of the internal/external gear pair, while 
the 2K-H(+) type provides a high transmission ratio in a compact 
physical structure.  The combination of both types is the KHV drive 
sporting both advantages.  This information is valuable and is not found 
in commonly used text books on gear drives. 
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 Normally, the KHV system involves a fixed central annulus or ring gear 
(when used as a speed reducer), a large planet gear and an equal velocity 
mechanism to convert the wobbling and spinning compound motion of 
the planet into normal axial rotation of the output shaft.  Since a large 
planet is used, inertia and centrifugal forces at high speeds need proper 
balancing.  This is achieved by either providing an appropriately 
designed balancing mass for a single planet (disc) system or by using 
multiple planets with angular phase differences to balance each other at 
high speeds. 
 The 2K-H(–) type is also known as 'Differential Gearing'. 
 The force path is elongated and complex in KHV derivatives.  Bearings 
play an important role and friction can be eliminated by using rolling 
contact pairs at all component-interfaces, which in turn improves overall 
efficiency. 
 Owing to the large pressure angles and multiple tooth mesh, 
conventional involute or composite cycloidal tooth parameters (eg: 
pressure angle, tooth height etc), cannot be used in Cycloidal drive 
designs because of high transmission ratio in a single stage.  Trochoidal 
tooth forms yield better performance delivering high speed ratios with 
exceptional efficiency. 
 A prolate epitrochoid is commonly used for Cycloidal tooth profiles in 
most cases due to ease of manufacture, although the curtate hypotrochoid 
version theoretically requires less number of annulus pins than the 
former.  This advantage is also fully exploited in latest generation of 
Cycloidal drives. 
 Speed ratios of Cycloidal drives can be easily identified by determining 
the teeth difference between the annulus and the Cycloidal disc.  For a 
tooth difference of +1, the number of annulus pins is one more than the 
tooth profiles of the Cycloidal disc, and vice-versa for a tooth difference 
of -1.  The sign of the tooth difference determines the direction rotation 
of input and output shafts.  For positive tooth differences, the directions 
of rotation of input and output shafts are mutually opposite and they 
rotate in the same direction when the tooth difference is negative.  The 
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ratio of the number of teeth on the Cycloidal disc to the tooth difference 
is the reduction ratio of the drive, when the tooth difference is 1. 
 In Cycloidal drives where teeth differences are higher than 1 (but ≤ 4) 
high loads are distributed among additional tooth pin contacts thus 
protecting the teeth structure.  Also, hunting of teeth is avoided as the 
same tooth and pin do not contact in each successive rotation – thereby 
minimising tooth failure chances and wear out. 
 Several variations of the Cycloidal drive have evolved as is evident 
through the patent and industry reviews.  Inventors term the drive system 
depending on the application for which it was specifically developed, 
thus lacking a common naming system.  This leads to numerous search 
keywords leading to various KHV derivatives providing scattered and 
limited information about them.  Without a proper classification system 
as provided by Yu [8, 19], it would be more complicated and time 
consuming to assess all necessary information about Cycloidal drives 
from the vast sea of literature.  But the classification given by Yu [8, 19] 
is not found in text books on gear drives and transmission systems. 
 During the work-cycle components are loaded and hence contact 
deformations are present at all component interfaces. At output pin-
Cycloidal disc-contacts, the bending deformation of pins dominate their 
contact deformations w.r.t. magnitude. 
 The number of output pins plays a significant role.  Braren [20] states 
that for high load capacities, the number of tooth profiles and the output 
pins should be the same.  This cannot be physically possible for very 
high ratio-single stage drives, as the holes would not only weaken the 
disc structure when placed too closely, but also for higher tooth numbers, 
the holes would overlap and remove an annular portion of the disc which 
invalidates the mechanism.  McIver [22] has preferred an odd number of 
output pins to even out the torque ripple of the output shaft indicating 
that fluctuation of output torque is geometry-dependent.  This indicates 
that the overall stiffness, geometry of the output mechanism and 
pulsating output torque are inter-related. 
 Cycloidal drives are highly sensitive to centre-distance variations.  Large 
main bearing forces (crankshaft), necessitate the use of hardened steel 
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components which are radially stable during operation compared to 
flexible ones. 
 Two-point contacts between the annulus' pins and the trochoidal tooth 
profiles facilitate rolling contact.  Preloading tooth-pin mesh enhances 
mesh stiffness also comply for thermal expansion. 
 At tooth mesh, the contact forces vary both in magnitude and direction at 
different phases of the mesh-cycle.  During overloading, more contact 
pairs come into contact whose initial contact angle is deformation and 
geometry dependent – thus complicating the theoretical gear tooth load 
analysis.  Advanced finite element techniques can throw light on the 
contact mechanics of Cycloidal gear tooth mesh. 
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2.9.2 Knowledge Gap 
From the Literature review, it has been established that existing Cycloidal drive-
trains have been tested and put to use under steady static loading conditions or 
similar service conditions.  Dynamic behaviour of the drive-train as such, has not 
been systematically investigated so far.  Subjecting the Cycloidal drive-train to 
dynamic situations that arise commonly in general service conditions requires 
simulation of a theoretical model and experimentation.  Little data is available in this 
aspect in literature at this point in time for the commonly used Cycloidal drive.  
Several variations of the same are available commercially and several others are in 
the research and development stage.  Researchers mostly focus on improving the 
tooth mesh characteristics to improve stiffness and other qualities of the drive.  
Currently available theoretical knowledge and information about Cycloidal drives 
focuses on low ratio speed reduction systems (such as 10:1 or 15:1).  High ratio 
drives have not been studied in detail so far.  The purpose of this research is to fulfil 
this potential knowledge gap to a considerable extent.  As they are readily available 
in the market, ascertaining their dynamic behaviour would be valuable from a 
system-design point of view.   
From the Literature review, the following pertinent parameters have been 
identified: 
1. Fundamental drive-train frequency. 
As discussed above, the dynamics of high torque and large reduction ratio power 
transmissions, especially with new types of drives, such as Cycloidal drives, has 
never been systematically investigated. By its presence in a kinematic train, the 
Cycloidal drive makes it significantly different in dynamic response to load 
variations compared to ordinary gear transmissions. This needs to be investigated 
both experimentally and theoretically.  Knowledge of the fundamental drive-train's 
frequency of torsional vibrations is the key to the design of its structure. 
This can be assessed by using calculated values of effective mass moments of 
inertia of the components involved in torsional vibrations and their stiffness in a 
preliminary reduced dynamic model taken with reference to the input shaft.  Inertia 
values can be calculated from mass and geometry of components of an existing high 
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ratio single-stage Cycloidal drive.  Stiffness values can be calculated from formulae 
available in literature. 
2. Stiffness (Torque-twist angle relationship) and Damping in Cycloidal 
drives. 
Pilot research conducted at QUT showed that Cyclodrives possess hysteresis, 
‘lost motion’, highly non-linear stiffness (Torque-twist angle relationship) at high 
torques, and load-dependant damping.  The overall torsional stiffness of the drive-
train can be assessed using a static experiment by loading and unloading the drive-
train with a definite torque and recording the twist angle.  All this makes heavy 
impact on drive-train dynamics and this has not been systematically investigated.  It 
is difficult to assess damping characteristics of individual component joints due to 
complex geometries, multiple unequal contact deformations and the presence of 
clearances and lubricant traces at contact points between any two components of the 
drive-train subjected to normal service conditions.  However, an overall theoretical 
damping coefficient can be assessed using the logarithmic decrement of a torsional 
vibration decay determined experimentally. 
3. Mathematical modelling. 
Theoretical research on mathematical modelling of high ratio systems has never 
been carried out and presents a challenging problem due to model complexities and 
instantaneous force variations.  Inertia, Stiffness and Damping parameters of drive-
train components can be used to prepare a full phenomenological dynamic model 
which when solved gives important drive-train characteristics to transient loads that 
are common in normal service conditions.  At least an undamped inertia and stiffness 
model of a known drive-train for example, provides insights into component 
deformations and natural frequencies of torsional vibrations which can be validated 
using experiments carried out on the actual drive-train.  Preloading increases the 
overall stiffness of the drive-train.  Higher stiffness results in higher natural 
frequencies of torsional vibrations – thus providing a larger vibration bandwidth 
during operation.  The working cycle of a mechanism or system, which has higher 
natural frequencies due to preload-induced high stiffness factor, provides more 
'design space' for component design so that designers can easily avoid working cycle 
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vibrations coinciding with natural frequencies which lead to resonance.  At 
resonance, extreme dynamic forces originate which can cause severe component 
damage.  In order to avoid resonance effects, natural frequencies of components of 
drive-train have to be known, which is possible using a mathematical (lumped 
inertia) or phenomenological model of the actual system.  Mathematical models also 
provide insights about joint efficiencies which are also valuable attributes of design.  
Until now, such in-depth investigation regarding Cycloidal drives has not been 
performed.
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3. Research Methodology 
Cycloidal drives are in use in today's industries as excellent alternatives for 
conventional speed reducers.  Information about Cycloidal drives available so far 
focus mainly on their kinematic design aspects, mechanism inversions and other 
benefits under constant loading.  Cycloidal drives used in industrial applications are 
subjected to various dynamic loads.  To understand the processes the drive undergoes 
to handle these loads, a simulation that replicates the actual scenario is well suited.  
Responses of the transmission to given loads in a combination of scenarios provide 
an understanding of the dynamics involved. A loading simulation performed on an 
actual drive train subjected to various loads in a range of speeds would be most 
appropriate, so that the test results can be used to compare and revise the 
theoretically derived ones from model analysis. 
For stresses and strains and other concepts of mechanics pertaining to drive-train 
components, a system-level analysis is of little help.  Component-level analyses can 
provide a clearer understanding of component-interactions and their effects caused 
by various loading scenarios.  With geometric complexities involved in the drive-
train's design, computations using latest computer software codes are but the only 
choice to simplify this process.  For a detailed understanding of the system at a 
component level, a geometric 3D CAD (Computer Aided Design) model of the 
drive-train assembly is required.  3D CAD models simulated with actual loads in a 
virtual environment using Finite Element Analysis (FEA) techniques run by suitable 
software codes make the simplification practically feasible. 
For a real simulation, a specially developed test-rig has to be used to assess the 
dynamic behaviour of the drive-train.  This chapter introduces and explains stepwise, 
the measures taken by the author to achieve these goals. 
3.1 System level study – Overall drive-train stiffness 
For a system level study, a single actual Cycloidal drive unit (Model: CHH4130-
87) from Sumitomo Heavy Industries (Japan), will be used.  As explained earlier, 
large angle of lost motion is prevalent in Cycloidal drives at the input (high speed) 
shaft relative to a fixed output shaft.  After using up the angle of lost motion by 
turning the input shaft, components come into contact and elastically deform upon 
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further loading.  The relationship between the applied input torque to the resulting 
twist angle of the input shaft due to elastic torsional strain (while the output shaft is 
held fixed) is critical for dynamic analysis.  This gives the overall elastic torsional 
stiffness of the drive-train – which is useful to calculate the drive-train's lowest 
natural frequency.  As stiffness and natural frequency of torsional vibration are 
geometry dependent, the knowledge of these parameters helps in avoiding resonance 
in the drive-train's working cycle. 
The drive-train can be loaded with any input torque up to a certain limit and the 
angle of turn can be noted.  Consequently, the angle of turn can be recorded even 
when the drive train is being unloaded.  The difference between the two responses 
gives the hysteretic losses in the drive-train.  In an earlier study, Kosse V., [49, 52, 
53] had presented hysteresis curves as a result of their loading and unloading 
experiments performed on the same Cycloidal drive.  He had locked the output shaft 
of the transmission using a steel cup and strong heavy duty bolts holding the output 
shaft key wedged, so that the cup prevented any relative motion. 
 
Fig. 3.1 Weight hanger and Pulley-setup by Kosse, V [53] on a stand-alone Cycloidal drive (Picture 
Source: [53]) 
A set of pulleys were attached to the input shaft of the drive (see Fig. 3.1), to 
which a light weight cross bar and a weight hanger were hung using a synthetic 
cable.  Using weights on the hanger, a known torque can be applied to the input end 
of the drive.  With the output end held immobile, the elastic angle of twist (after the 
lost motion), can be measured using a protractor mounted on the pulley.  The 
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relationship between the applied torque and the resulting angle of twist of the input 
shaft is the system's overall loading torsional stiffness. 
From the experiment Kosse, V. [53] concluded that the total lost motion of the 
Cycloidal drive model they used was about 56°.  Loading and unloading curves for 
several multiples of the nominal (manufacturer's rated) torque showed hysteresis 
loops nested within one another.  For one of the results, the area measured between 
loading and unloading curves gave the losses which indicated a static efficiency of 
about 57%.  Kosse, V., explains that manufacturers prefer dynamic efficiency rather 
than static efficiency, because in the drive-train the losses during operation are 
mainly to overcome rolling resistance.  This is much smaller than that due to static 
frictional, contact and resistances due to torsional component deformations.  Hence 
the Cycloidal drive's overall operational efficiency is much higher than calculated 
static efficiencies. 
In this research, hysteresis tests will be performed using the same drive-train set 
up mainly to determine the linear part of the overall torsional stiffness of the system 
(as the slope of the loading torque-twist angle curve). 
3.2 Overall damping characteristics 
Kosse, V., and his team [49, 52, 53], in their earlier study used an "impact 
hammer" (hammer with a built-in transducer) to excite the loaded drive train 
simulating shocks common while in operation.  In that case, the experimenter had to 
develop physical and mental coordination to deliver the required intensity of shock to 
get consistent results.  The hammer's responses yielded the torsional vibration 
signatures from which logarithmic decrement and damping ratios were calculated.  
With known masses of inertia participating in torque transfer, a damping coefficient 
of the drive-train can be estimated theoretically. 
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Fig. 3.2 (left) Accelerometer with x, y and z axis probes (Image source [90]); (right) 'Labquest' data 
collection and analysis device to record accelerations (Image source [91]) 
Consistent shocks can be delivered by other techniques – by using the impact 
force of a falling weight, for instance.  The damping coefficient can be calculated 
from the overall system's damping ratio.  This can be calculated using the 
logarithmic decrement of the torsional vibration of the drive-train.  If a light shock is 
applied to the input shaft end (simulating motor load/speed variation while in 
operation), while the output shaft is locked, a torsional vibration and its decay 
characteristics can be better studied using an accelerometer [90], such as the ones 
shown in Fig. 3.2 (3 axis accelerometer – model: 3D-BTA on the left, and LabQuest 
data collection device manufactured by “Vernier Software & Technology”, USA – 
on the right), and a data collection device [91] when it is attached to the pulley of the 
drive-train setup.  One of the axes of the accelerometer orientated in the tangential 
direction can be used to capture tangential acceleration pulses of the pulley.  This 
method will be tried in this research to get consistent Torsional impact response 
signatures to assess the drive-train's damping behaviour. 
A trigger can be set up in the Labquest device so that any sudden changes 
exceeding the set threshold will be automatically recorded – thus eliminating human 
error.  For mechanical motions and low frequency vibrations of the drive-train, an 
initial test run showed that a sample rate of 500 samples per second over 0.25 
seconds duration was sufficient to capture the full response of the system. 
Trends of logarithmic decrement variations of the vibration decays at higher 
torque loads can lead to characterise the damping behaviour of the Cycloidal drive-
train. 
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3.3 Numerical validation of the experiment-derived stiffness characteristics 
From a component level, stiffness and damping can be studied in parallel using 
a Finite Element model of the drive-train assembly.  Stiffness characteristics of the 
drive-train can be validated with some approximation, which gives a clear picture of 
the interactions of components involved in torque transfer.  A CAD model of the 
drive-train components developed using a parametric CAD software package such as 
SolidWorks and a sophisticated FEA tool such as ANSYS are essential. 
Static FEA will be used simulate the experiment detailed in § 3.1 to assess the 
overall drive-train stiffness and to study the component interactions.  In the drive-
train model, the output shaft has to be fixed and a known input torque or angular 
rotation should be applied at the input end.  Further model simplifications may be 
necessary, not only to keep the number of mesh elements minimal, but also to 
eliminate clearances among component joints.  With known forces and boundary 
conditions, individual components can also be subjected to static loads in FEA to 
determine their share of the overall torsional stiffness. 
Dynamic analysis can also be performed using FEA where time-dependent 
(shock) loads can be applied to study the response of the drive-train (eg. frequency 
response).  Static FE simulations have to be performed to study the tooth-pin mesh 
stiffness at any given instance of engagement under a particular applied loading 
torque.  This provides an understanding of the torsional tooth-mesh stiffness and the 
dynamic forces involved in torque transfer.  Very little information about the tooth-
pin mesh dynamics is available in literature at present with regards to a given generic 
Cycloidal disc design, despite many design variations and optimised versions. 
In this research, stiffness and damping contributions of each component is 
crucial to model analysis and these parameters – determined either from experiments 
or FEA or a combination of both will be used in a dynamic lumped parameter model 
analysis to assess the drive-train dynamics in as much detail as possible for the first 
time. 
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3.4 Dynamic Lumped Parameter Model 
A lumped inertia model is the best method to assess the dynamic response of the 
kinematic Cycloidal drive linkage, where only joint stiffness and damping are 
considered vital.  Other parts of the components are regarded as rigid with a point 
mass at their centre of gravity locations.  To evaluate such model, all components' 
mass moments of inertia, stiffness and damping coefficients have to be known. 
Using SolidWorks CAD package a 3D CAD model of the Cycloidal drive 
assembly can be prepared from precise measurements of the actual components.  
This is essential to build a 3D FEA model of the main components of the drive-train.  
Toothing details may have to be modelled from first principles and verified using 
available methods given in the literature.  In QUT, precision measuring instruments 
with 3 digit accuracy for dimensions and with 6 digit accuracy for weighing scales 
are available. 
For stiffness, both analytical methods and FEA can be used.  Several Russian 
resources [92-97] provide stiffness and damping formulae for joints of kinematic 
chains which have been commonly used for regular geometries such as journal 
bearings (shaft and collar), key joints, stepped shafts etc.  For complex geometries 
such as the Cycloidal disc for example, stiffness characteristics have to be computed 
based on tooth-pin force interactions and contact deformations. 
A real life loading situation or the experimental conditions can be simulated 
using FEA software (such as ANSYS) on a 3D FEA model of the part.  Tooth mesh 
stiffness can be estimated by dividing the Cycloidal gear into sections and using 
appropriate boundary conditions such as bonded contacts to hold the pieces together 
while the whole model is subjected to particular forces or loads.  Nodal or elemental 
deformations from the solution can then be used to calculate a torsional angular twist 
as a result of loading.  Then torsional stiffness can be estimated as a ratio of the 
torque applied to the resulting twist angle.  Several iterations of such virtual 
simulations may also be required for accurate estimates of torsional stiffness.  
Stiffness trends can be plotted in MS Excel (Microsoft Inc., USA), to study the 
degree of non-linearity of the experiments/FE simulations. 
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For dynamic responses, a test-rig specially built at QUT will be used, in which 
two identical cycloidal drives are connected back-to-back similar to the well known 
FZG test rig [98], which is commonly used for evaluating efficiencies of 
conventional geared transmissions.  A loading device is required to apply a braking 
torque, which simulates a load provided by a driven machine.  Using the test rig 
equipped with load cells [99-101] for each of the Cycloidal drives, the shock 
response of the drive-train can be assessed by using similar techniques as described 
before.   
Torsional vibration responses can be recorded in a data collection device or 
computer (LabVIEW software [102] available at QUT), so that the logarithmic 
decrement and hence the damping ratios are calculated for various load/speed 
combinations.  These can be compared against those assessed by static experiments.  
From the dynamic responses, the ratio of maximum torque overshoot and the average 
motor torque can be computed which is the dynamic factor or commonly known as 
the overload factor.  Cycloidal drives are known to require low working dynamic 
factors for their design compared to conventional equivalents, as they can withstand 
peak overload torques (from shocks or stalls) ranging up to 5 times their normal 
driving torque [5, 12, 23].  Responses of simulated shocks are recorded as 
acceleration signal decays from which the logarithmic decrement and damping ratios 
can be determined.  Using equivalent mass moments of inertia of participating 
components, damping coefficients and partial natural frequencies at each component 
joint can be calculated by formulae given by Rao, S. [103] and techniques such as 
'moving wall' concepts given by Kosse, V. [54].  In this research, Chapters 4 -7 
describe the steps taken to achieve these objectives in view of fulfilling the identified 
knowledge gaps.
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4. Static Load Response 
A lumped mass (or inertia) dynamic modelling is commonly used to assess the 
dynamic characteristics of a mechanical system.  Mass moments of inertia of 
components of a system linkage, stiffness and damping factors between links are 
required to build a system of equations which when solved, would yield the system's 
response to time dependent loads.  Mass moments of inertia of various components 
as well as their effective torsional stiffness can be computed using analytical 
formulae as they are geometry dependent.  Four types of damping can be used in a 
mathematical model of a kinematic linkage – such as a gear train, namely Viscous, 
Coulomb (or dry-friction), Structural (in flanges and joints) and Material (or 
Hysteretic) damping [103].   
From a system's point of view, the overall response to static loading conditions 
can be obtained by experiments conducted on a real model or prototype.  The 
following sections of this chapter details the hysteresis and torsional vibrations 
experiments carried out on a statically loaded stand-alone CHH4130-87 Cycloidal 
drive from Sumitomo Heavy Industries, Japan [5]. 
4.1 Hysteresis Study 
Applied load on elastic components causes non-permanent deformation as long 
as the strain is within the elastic limit (viz. obeying Hooke's law of elastic 
deformation).  While static deformation results due to time independent loads, free or 
forced vibrations are caused by time dependent loads.  In either case, a small amount 
of deformation energy is dissipated as heat – known as damping.  One such 
irreversible energy loss is due to hysteresis.  Sliding friction among internal 
molecular load-induced movements result in hysteretic damping – meaning the 
response of the system when load is removed, will differ from that of load 
application, depending on the amount of energy lost as heat. 
4.1.1 Experiment Setup 
Earlier, Kosse, V., [52] had presented an experimental methodology to assess 
stiffness and damping characteristics of the Cycloidal drive used in this research.  
The same setup with some modifications was used in this research as well to assess 
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the hysteretic and viscous damping characteristics of the drive train, but the load 
application was more systematic and consistent.  The liquid lubricant in the gearbox-
housing was removed to exclude any viscous damping effects.  The drive unit was 
placed on a PVC plank and secured to the work bench with G-clamps.  At the output 
end, the bearing cover was removed and a custom locking cap was bolted in place to 
hold the output shaft fixed.  A large steel pulley was attached to the input shaft by a 
taper-lock bush and key joint (see Fig. 4.1). 
 
Fig. 4.1  Setup at QUT for experiments on the stand-alone Cycloidal drive; (Photo by the author) 
The effective pitch diameter of the pulley by measurement was 237.141 mm.  A 
steel weight hanger was hooked to an aluminium cross bar so that weights could be 
added to induce a known torque on the input shaft.  To support the light-weight 
aluminium cross bar, a steel cable of 2 mm diameter was used along with a small 
plastic pulley mounted on a post, held securely in one of the bolt-holes of the base of 
the Cycloidal drive housing as shown in Fig. 4.1.  Passed around both pulleys, the 
cable would turn the input shaft in one direction when loaded in tension by the 
weights hanging down.  Both hysteresis and torsional vibration experiments 
(described in the next section) were carried out using this setup. 
To apply a static torque incrementally, weights were added to the hanger in 
steps.  Since the output shaft was fixed (no rotation), the drive-train components 
moved using the available relative degrees of freedom. The cycloidal profile is 
usually wider than the pin circumference it meshes with, and also clearances would 
be present between mating components to allow for kinematic errors (if any), 
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assembly tolerances, thermal expansion etc.  This resulted in a large torsional 
compliance – a total of 56° of free play from the left dead centre at the end of 
counter-clockwise rotation of the pulley, to the right dead centre at the clockwise 
end. The pulley was able to be turned freely by hand until it reaches a dead-centre, in 
either direction of rotation.  From an imaginary midpoint, ±28° of free play is 
understandable.  During motion reversals of the drive train, this large torsional 
compliance does not turn the output shaft and hence is known as 'lost motion'.  
Although this is excellent for shock endurance, it is not favoured where precision 
motion is vital. 
4.1.2 Procedure 
Weights added to the hanger below (when the pulley is at one of the dead 
centres in any direction), add torque to the input end forcing the drive-train 
components to deform elastically and redistribute the force according to their 
acquired new positions.  For increments of weights added to the hanger, the angle of 
twist can be read directly from the protractor on the pulley-face.  Loading and 
unloading responses of the drive-train to static loads are shown in Fig. 4.2. 
Torque applied is the product of the total weight applied (including the hanger 
and cross bar, but neglecting the insignificant cable mass) and the effective pulley 
diameter where the cable passes.  Weight increments added to the hanger introduced 
torque stepwise on the input shaft.  The dual pulley setup minimises the bending 
strain on the input shaft and its bearings.  Owing to the high stiffness and short length 
of the input shaft, any bending strain due to the hanging weights below would not be 
significant.  The bearing dimensions are also quite small in comparison, to include 
their radial stiffness into account separately.  Hence from this loading scenario, an 
overall static torsional stiffness of the drive train can be assessed. 
The rated nominal input shaft torque (abbreviated as TN) was calculated from 
the manufacturer's data.  Table 4.1 shows the manufacturer's data and nominal input 
shaft calculation assuming no losses. 
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Table 4.1 Calculation of Nominal input torque TN using manufacturer's 
data 
Manufacturer’s Rated Data: 
Input Power 
Input speed 
Rated output torque 
 
Pin  = 1.14  [kW] 
n    = 1500 [RPM] 
Tout = 585   [Nm] 
Calculated Input Torque 
    
   
 
   
             
          
               
In this experimental study, the drive train was loaded statically by methods 
described afore, up to 4.5 times    only and not to equal or exceed the 
manufacturer's rated limit of 5    to preserve the structural integrity of the system. 
4.1.3 Loading & Unloading up to 4.5 TN 
In an initial run, the drive train was loaded and unloaded in multiples of      
with         increments.  The elastic angular deformation was recorded and plotted 
in Fig. 4.2. 
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Fig. 4.2 Loading and Unloading up to 4.5 TN 
It is seen in Fig. 4.2, that Cycloidal drives have a large torsional compliance.  In 
this case, the elastic deformation begins when all clearance among the mating 
components has been eliminated by turning the input shaft 28° from a set datum.  If 
the drive train is loaded by torques less than the nominal, then some of the clearances 
still present among the component interfaces might alter the loading and unloading 
curves.  This is put to test by loading and unloading to          and         .  The 
results along with those from       are shown in Fig. 4.3. 
The slope of         (loading curve) deviates for input shaft angles greater than 
40°.  The deviation could be due to static friction present among components, re-
orienting them to new positions when loaded, which were otherwise loosely touching 
each other before – due to clearances present between joints.  Torques greater than 
the nominal, would eliminate gaps and the response would be a uniform rise in 
stiffness due to the applied steady load.  The slope of the curve is the overall 
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torsional stiffness of the drive-train at a particular load level, which is almost linear 
up to most part of         curve as this is greater than the nominal (as is seen in Fig. 
4.2). 
 
Fig. 4.3 Loading and Unloading to 0.75 TN and 0.83 TN 
4.1.4 Hereditary characteristics 
After each cycle of loading and unloading up to a certain torque, some of the 
energy is lost in hysteresis as is evident in Figs. 4.2 and 4.3.  Apart from this, it was 
observed that before each new run, the pulley had to be moved by hand, until it 
reached the dead centres in both clockwise and counter clockwise directions several 
times.  This 'resets' the system and prepares it for the next loading cycle.  If this 
resetting procedure was not performed, several runs of loading up to the same torque 
yield mutually different results as seen in Fig. 4.4. 
Four identical runs are shown in Fig. 4.4 without resetting the drive train.  It is 
clearly visible that the loading and unloading responses shift from right to left and 
back to right again.  Hence the imaginary midpoint which was initially centred on 0° 
with ±28° of free play in both clockwise and counter clockwise directions shifts due 
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to hysteretic losses.  This indicates that a previous cycle of loading affects the current 
and future loading cycles showing 'hereditary stiffness behaviour'.  Similar to 
harmonic drives, the overall torsional response of the Cycloidal drive train also 
exhibits 'hereditary' behaviour. 
 
Fig. 4.4 'Hysteresis shift' observed among identical runs of loading and unloading the drive train 
4.1.5 Earlier Tests 
In an earlier test conducted by the Kosse, V., [52], the hereditary behaviour was 
confirmed in one of his tests, where the drive-train was loaded up to       , unloaded 
for up to         and loaded again up to        before finally unloading it completely 
as shown in Fig. 4.5.  The slope of the reloading curve is completely different to that 
of the main loading curve giving two different loading cycle stiffness values.  
 This could possibly be due to the fact that additional tooth-pin contacts (along 
with the designed contact pairs), occur during large elastic deformations of the drive-
train components under high torsional loads in a typical Cycloidal drive.  Based on 
components' geometry and position at a given loaded instant, components could be 
temporarily jammed due to friction and high contact stresses.  Further loading might 
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not necessarily take the same loading path as before due to this non-linearity.  A 
detailed study on this phenomenon is out of scope of this study at this stage. 
 
Fig. 4.5 An earlier test conducted by Kosse, V., [52] showing hereditary hysteresis behaviour 
4.1.6 Overall Torsional Stiffness of the Drive-train 
In another trial, the drive-train was loaded stepwise to         and unloaded 
completely in the same number of steps.  Fig. 4.6 (a) shows the response.  The 
loading curve is almost linear up to about 80° of the observed angle, as is shown in 
Fig. 4.6 (b).  The units of the ordinate axis shown in the plot are in multiples of the 
nominal torque instead of torque in Nm (newton-meters).  For this model, up to a 
torque of         , the response is linear.  Other similar cycloidal drives of different 
capacities would also probably show this linearity in their loading curves, by 
stretching beyond       .  A linear trend line can be fit using results only up 
to         , so that the linear part of the results can be categorised by the straight line 
equation of the trend line (the blue trend line in Fig. 4.7).  The R
2
 value was 0.9933 
in this case, which is a very good fit.  Similarly, if a straight line was fit to the entire 
load range up to         , (the black trend line in Fig. 4.7), it was observed that the fit 
straight line was very close to the actual experiment results up to         and 
deviated for higher loads. 
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Fig. 4.6 (a) Static Loading & Unloading of Cycloidal Drive-train; input shaft angular rotation vs. applied 
torque up to 4.3 TN; Error bars are shown up to 2.5 TN 
 
Fig. 4.6 (b) Linear part of the loading curve up to about 2.5 TN 
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Fig. 4.7 Linearised loading curve up to 2.5 TN 
Using the linearised equation in Fig. 4.7, 
                                                          
where   is the input shaft torque and   is the shaft angle due to elastic 
deformation in degrees.  The slope of the loading curve (blue trend line) in Fig. 4.7 
evaluates to 23.7 [Nm/radian] or 0.00689 [Nm/arc-minute], which is   – the 
overall torsional drive-train stiffness for this particular loading case.  This stiffness is 
very low compared to other designs detailed in § 2.5. 
4.1.7 Hysteretic Damping 
The area enclosed within the loading and unloading curve boundaries represents 
the loss of applied torsional energy per cycle – known as the hysteresis loss.  From 
literature, the hysteretic damping coefficient is derived from the equation [104]: 
          
                                                                
 Linearised by Equation : T = 0.4134 - 11.5758 
R² = 1.0000 
Experiment : M = 0.4018q  - 11.173 
R² = 0.9933 
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   is the area enclosed by the two curves in [Nm·rad];   is a dimensionless 
hysteretic damping coefficient;    is the equivalent torsional stiffness in [Nm/rad]; 
and   is the displacement amplitude in [rad]. 
An average area can be computed by counting the number of complete grid 
squares enclosed between the curves and adding to it, half of the number of 
incomplete grid squares between the loading and unloading curves.  Each square for 
the scale used in Fig. 4.7, has a value of 0.4 Nm° and the number of squares within 
the two curves is 531.5.  Hence the area    is the square value times the number of 
squares – which is 212.6 Nm° or 3.71 Nm·rad.  From equation (4.2) above, the value 
of  then evaluates to 0.0974.  This factor can be directly input in most FEA 
softwares such as ANSYS which can be useful for transient loading simulations. 
4.2 Torsional Vibrations Study 
From the torsional vibration signal of the drive train, its log-decrement and 
hence the damping ratio can be assessed.  These parameters can be used to verify the 
lumped inertia model of the drive-train.  Type of damping present in the system can 
also be examined [103]. 
 
Fig. 4.8 (a) Viscous and (b) Coulomb (dry friction) damping described by [103] 
Figs. 4.8 (a) & (b) show Viscous and Coulomb damping (due to dry friction) 
respectively.  The line joining the peaks in viscously damped signal is an exponential 
curve, while in the case of Coulomb damping, it is straight – indicating the presence 
of dry friction between vibrating surfaces [49].  Through experiments, the drive-
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train's vibration signature can be known.  Since this is a multi-mass system, several 
natural frequencies can also be expected in the spectrum.  
Earlier tests conducted by Kosse, V., [49] on the same drive-train using a 
different procedure (by using a transducer-hammer; simply called 'impact hammer'), 
showed that the log-decrement of the decay signal was not constant over diminishing 
cycles of vibration.  He had used an impact hammer (to deliver a pre-determined 
shock) to excite the drive-train loaded to several multiples of the nominal input 
torque.  He observed that log-decrements were not constant across the cycles and 
with higher impacts, the natural frequencies of the drive-train decreased and vice 
versa.  A loaded drive-train has more stiffness than an unloaded one.  It was observed 
that natural frequencies of the drive-train were higher in the unloading cycle than 
those of the loading cycle.  Instead of using an impact hammer and train the mind to 
deliver a predetermined shock, a different setup was used in this research by using 
two pulleys and cross-bar for weight hanger connected by cable – described in § 
4.1.1.  Here, a weight dropped on the hanger would easily give consistent results than 
those from the impact hammer. 
4.2.1 Set up 
The setup for this experiment is the same as described in § 4.1.1.  In addition, a 
small weight hanger was used for excitation (see Fig. 4.9).  For light loads, if a 50g 
weight was dropped from a certain height (approximately 50 mm), a torsional shock 
is introduced at the input shaft and is visible, because the large pulley amplifies 
rotation.  The decay signal of the torsional vibration is recorded using a 3-axis 
accelerometer [90] (described in Chapter 3), attached to the pulley face. 
 
Fig. 4.9  Set up for 'Weight Drop' Tests to assess Torsion vibration characteristics (Photos by the author)  
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4.2.2 Weight Drop Tests 
The accelerometer was attached to the front face of the pulley (see Fig. 4.9), by 
means of two button magnets. One of the axes-probes of the accelerometer pointing 
in the tangential direction was plugged into a data collection and analysis device – 
'Labquest' [91] (Vernier Software & Technology, USA – see Chapter 3) to capture 
tangential acceleration of the pulley. Torsional impact was simulated using the small 
drop-weight.  A trigger was set in the Labquest device to record any excitation 
resulting in acceleration greater than 0.05 m/s
2
.  Thus, when the weight was dropped, 
the system response would trigger data collection automatically whenever the 
acceleration exceeded the trigger value.  
A Fourier transform is mathematical technique usually used to separate 
individual vibration signals from a composite signal or vice versa (individual signals 
can be summed up to a composite signal) [103].  This is theoretically explained using 
signals described as a mathematical function.  In engineering practice however, a 
particular vibration signal of interest of a running machine cannot be described as a 
mathematical function unless it is exactly known.  Hence, a time-domain vibration 
signature of the machine in operation is obtained using sensors at a convenient 
sampling interval, whose inverse is the sampling frequency [105].  Therefore, the 
vibration signature so obtained is not a continuous signal as in the case of a 
mathematical function, but a discrete signal.  Discrete vibration signatures can be of 
any time length (depends on the recording time), and is independent of the time 
period required by the Fourier theorem [105].  Thus another well-known technique 
known as Fast Fourier Transform (FFT) is employed for engineering frequency 
analysis tasks, which stems from the concept – Discrete Fourier Transform (DFT).  
The main purpose of vibration analysis in applied engineering is to use a technique to 
estimate the frequency components of a real time vibration signature of a device or 
system measured at discrete (sampling) intervals.  By comparing such periodic 
frequency estimates (so measured), with the expected component behaviour of a 
system, engineers can not only monitor the service conditions of mechanical systems 
in operation, but also forecast maintenance schedules. 
Usually vibration signatures of mechanical systems in operation give out signals 
whose frequencies are far low compared to electrical or electronic systems.  Hence in 
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this case, a sampling rate of 500 samples per second (time period = 1/500 = 0.002 
seconds), was selected.  Initial trial runs showed that a total recording time duration 
of 0.25s was sufficient to completely capture the vibration signature of the Cycloidal 
drive-train.  With high sampling rate, the piece-wise recorded discrete vibration data 
will be almost same as the one obtained in real time.  If the sampling rate is too low, 
then frequencies calculated using the FFT algorithm would fail to capture all inherent 
frequencies in the recorded signature.  The advantage of using a high sampling rate is 
to avoid/minimise aliasing errors in FFT computation [105]. 
For loads of higher multiples of the nominal torque, large weights were required 
to be on the hanger.  Since the stiffness of the loaded drive-train was much higher 
now, larger excitation forces were required.  In such situations, dropping a 50g 
weight did not excite the system at all – compelling the use of a larger drop weight 
instead.  Other eddy vibrations (due to higher mass moments of inertia of other 
components), were also introduced into the system, even though the weight was 
dropped carefully.  These signals were filtered and removed post experiments. 
4.2.3 Test Results and Analyses 
Using computer techniques with appropriate software codes, the natural 
frequency response of the drive train can be isolated from other typical signatures of 
the system through signal processing and filtering techniques.  A logarithmic 
decrement of the signal can then be calculated through which the overall damping 
ratio of the system is estimated.  These parameters are useful for theoretically 
verifying a lumped inertia model of the drive-train.  The solution of this, can provide 
the overall response of the drive-train to speed/load transitions – eg: Peak overshoot 
response occurring during motor start-up (stepped input), or due to a suddenly 
applied load which commonly occurs during speed changes, load reversals etc. in 
normal operations. 
Tests performed in this section revealed the presence of viscous damping in the 
system as described in the author's paper [106] (the author of this report), which 
makes the solution-steps of a lumped inertia model simpler (contrary to cases having 
other types of damping). 
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The Cycloidal drive was loaded to the following torque levels for the tests: 
0.5TN, 1TN, 1.5TN, 2TN, 2.5TN, 3TN, 3.5TN, 4TN and 4.5TN using appropriate weights 
in the hanger (inclusive of the drop-weight).  Several trials with different drop-
weights and drop-heights were tried to get a smooth undistorted response. Care was 
taken to avoid unwanted harmonics entering in, as much as practically possible.  The 
response was recorded by the Labquest device.  An average of 10 runs was taken for 
analysis.  Fig. 4.10 shows the impact response at 3 different multiples of the nominal 
input torque. “Logger Pro” (version 3.8), software [107] (supplied along with 
Labquest device), was used to transfer the results to a computer for accurate 
measurements of amplitudes and time periods of first three cycles of the responses.  
The results were exported to “Microsoft Excel” (Microsoft Corporation, USA), 
wherein the frequencies, logarithmic-decrements and damping ratios were calculated. 
Similar computation was performed for responses of other nominal-torque-multiples. 
 
Fig. 4.10 Torsional impact responses at 0.5TN, 1TN and 1.5TN 
The same software (“Logger Pro” – version 3.8) was used to perform Fast-
Fourier-Transform Analysis (FFT).  Several frequencies can mix to form a single 
complicated response.  FFT analysis converts the time-domain signal into a 
frequency-domain response, showing frequencies of all mixed signals (placed on the 
abscissa instead of time units), and their amplitudes (on ordinate axis).  The FFT plot 
provides only the information about how many vibration signals are present and their 
amplitude levels, but not their amplitude variation over time.  Current signal 
processing software codes (stand-alone or those provided by accelerometer and data 
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acquisition system vendors) are easy to use, which can quickly convert responses 
from time-domain to frequency domain.  MATLAB software supports a user-friendly 
signal processing tool box (user interface), which can not only be used to isolate 
selected signals identified in the FFT plot, but also for applying appropriate filtering 
techniques to isolate signal data of interest.  The result would be a (pure) time-
domain signal of only the selected signal from which characteristics such as the 
frequency, logarithmic decrement damping ratio etc, can be determined. 
 
Fig. 4.11  FFT of 0.5TN, 1TN and 1.5TN responses 
Fig. 4.11 shows the FFT plot of the three responses 0.5 TN, 1 TN and 1.5 TN, 
shown in Fig. 4.10.  For the nominal torque, a peak frequency between 25.39 Hz and 
27.34 Hz was observed.  From Fig. 4.10, the frequency can be calculated by 
measuring the time period between two peaks or valleys.  Table 4.2, taken from the 
author's paper [106] shows a comparison between calculated frequencies and those 
obtained from FFT plots for the three load cases. 
Table 4.2  Comparison of calculated natural frequency from measured data 
with that of FFT [106] 
Input torque 
[Nm] 
Calculated 
Frequency [Hz] 
FFT frequency 
[Hz] 
0.5Tn 28.82 27.34  
1Tn 24.39 25.39 
1.5Tn 20.41 25.39  
27.34 25.39 
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In Fig. 4.11, for FFT response of 0.5 TN signal, the 27.34 Hz is dwarfed by 
higher amplitude – 31.25 Hz.  As is seen in Table 4.2, the calculated response (by 
measuring the distance between prominent peaks visible in the time domain), for 0.5 
TN was found to be 28.82 Hz which matches closely with 27.34 Hz derived by FFT.  
For higher loads (in Table 4.2), the calculated frequency differed from the FFT 
frequency considerably.  This is because, measurements taken from the signal in 
time-domain are a mixture of all vibrations in the tangential direction of the pulley 
rotation.  By performing the FFT, the hidden signals can be observed.  All unwanted 
and identified signals have to be removed (by filtering) before performing any 
analyses on pure signals. 
Analyses can be performed on filtered signals of particular interest to assess the 
drive-train dynamics.  Natural logarithm of the ratio of amplitudes of two subsequent 
peaks is the logarithmic decrement of the signal – the portion of energy diminished 
per cycle [103], and is given by the expression, 
         
  
    
                                                       
where   is the logarithmic decrement,    and      are the amplitude values of 
two subsequent peaks (or valleys) of the decay signal (refer Fig. 4.8 (a) and Fig. 
4.10).  From log-decrement, the damping ratio of the signal can be calculated – from 
which an overall damping constant can be estimated using the equivalent mass 
moment of inertia and stiffness of the drive train.  These parameters can be verified 
through the solution of the motion equation of the drive-train model.  Damping ratio 
   is calculated using the expression, 
    
 
         
                                                      
It was found that log-decrement was varying and not a constant, when subjected 
to lower multiples of the nominal input torque.  In Fig. 4.11, a low frequency peak is 
also seen to the left of the main signal.  This may be that of bending of the input shaft 
due to sudden dropping of the overhung weight.  Logger Pro software does support 
filtering and advanced windowing functions applied to the FFT plots for 
enhancements.  For such techniques, an advanced software package such as 
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MATLAB [108] is appropriate to isolate the peak signal using bandpass filters.  The 
detailed procedure of signal processing in MATLAB is described in Appendix B. 
 
Fig. 4.12 FFT plot of 1 TN signal in MATLAB 
 
Fig. 4.13 Filtered 1TN signal in MATLAB's signal processing toolbox 
For 1 TN, the FFT plot of the mixed signal (as obtained by experiment), is 
shown in Fig. 4.12.  The plot indicates that a large amount of vibration energy has a 
frequency in the range of 7.813 Hz to 35.16 Hz, with the peak at 27.34 Hz.  Apart 
from the main signal, a low frequency 3.906 Hz signal is also seen.  This low 
frequency signal could be due to various components of the setup and the overhung 
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weight.  Since the main signal is of prime interest it was isolated for further study.  
The same kind of vibration signatures (FFT plots) were observed for each of higher 
multiples of TN as well.  Using MATLAB's 'sptool' (Signal Processing Tool) user 
interface, the main time-domain signal was isolated by filtering
1
 (see Fig. 4.13).  By 
measuring the amplitudes of each peak, the log-decrement and hence the damping 
ratio can be calculated using equations (4.3) and (4.4). 
4.2.4 Inferences 
It was observed that the log-decrement and the frequency across the vibration 
cycles were not constant confirming the findings of Kosse, V., [49].  Fig. 4.14 shows 
the trend of log-decrement of the test signals across the first three cycles of vibration. 
 
Fig. 4.14 Log-decrement variations across 3 cycles of vibration of all test responses 
As is seen in Fig. 4.14, the log-decrement of each signal is different to each 
other across the 3 cycles, especially between the first two.  While most signals show 
increasing or decreasing trend in log-decrement values, responses of 3.5 TN and 4.5 
TN show drastic rise and fall, and also reach negative values – which means instead 
of decrement, an 'increment' is observed.  This phenomenon could be due to a 
                                                     
1
 MATLAB filtering procedures used in this research are provided in Appendix B. 
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resonance of a characteristic frequency or other eddy signals or natural frequencies 
of components which were not dominant in other levels of loading, now appear as a 
response to these torque levels.  An increase in log-decrement across the cycles 
indicates that more energy is lost per cycle due to damping in the system.  As is 
evident from Fig. 4.15, the response of 2 TN shows a large amplitude difference 
between the first and the second peak, while the difference between subsequent 
peaks is not as much as is observed between the first two.  This explains the varying 
trend in log-decrement values seen in Fig. 4.14. 
 
Fig. 4.15 For a load of 2TN, large amplitude difference is evident between the first two peaks compared to 
others 
Reciprocal of the measured time period between two peaks is the frequency.  
Fig. 4.16 is the plot of calculated frequencies of all test signals.  It is apparent that the 
frequency also varies between first and second cycles for all responses except at 2 
TN, where it remains constant. 
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Fig. 4.16 Frequency variations across 3 cycles of vibration of all test responses 
Kosse, V., [49], in his experiments, had excited the drive-train at different levels 
of loading using a transducer-hammer.  He has confirmed that although the 
frequency increases with progressive cycles of vibration, high impact responses 
depicted lower natural frequencies than low impact responses.  Here, the same is 
confirmed, but natural frequencies increase at the very first cycle for very high loads 
(see Fig. 4.16 – natural frequencies show an increasing trend for loads greater than 3 
TN).  For nominal as well as 1.5 TN, the frequencies increase as the signal decays 
after 2
nd
 and 3
rd
 cycles, and vice-versa for 2.5 TN and 3 TN.  For 4 TN, the frequency 
continuously increases. 
As mentioned earlier, the liquid lubricant in the Cycloidal drive was removed 
for experiment-purpose.  However, traces of lubricant trapped between closely 
contacting components, small gaps etc, could not be removed by simple draining 
process.  This forms a lubricant-wedge at the component interface contributing to the 
viscous damping behaviour of the drive-train. However during an impact load, the 
mating surfaces of the components are pressed against each other expelling the 
lubricant film from contacting surfaces resulting in dry friction (see the author's 
paper [106]).  At high loads, the mesh geometry is altered due to elastic deformation 
of components trying to kinematically follow the movement induced by the input.  
As a result, their respective orientations differ from their initial position.  The loaded 
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tooth pin contacts are not uniform; hence a non-linear response can be expected.  It is 
known that more teeth participate in torque transfer at high loads, which also affect 
the vibration signatures. 
4.2.5 Overall damping ratio 
From the filtered signal of the 1 TN responses, the log-decrement between each 
pair of peaks and the frequency were calculated using equation (4.3) and by taking 
the reciprocal of the time period respectively.  From the log-decrement the overall 
damping ratio of the drive-train was evaluated using equation (4.4).  Since the log-
decrement varied over the cycles, the average log-decrement given by Rao, S. S., 
[103] was applied, 
    
 
 
     
  
    
                                                  
where   is the logarithmic decrement;   is the number of complete cycles between 
the first and       peaks.  The   values within parentheses are the amplitudes of 
the first and the       peaks respectively.  The average log-decrement is obtained 
using equation (4.5).  Since a relatively big difference in log-decrement values is 
only between the first two peaks, the error of considering only the average value can 
be ignored.  For the 1 TN signal, an average log-decrement of  = 0.50855 and an 
average damping ratio of =0.07954 were evaluated (using equations 4.4 & 4.5). 
 
Fig. 4.17 Average values of log-decrement and damping ratios of all filtered test signals  
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Fig. 4.17 shows the average values of log-decrement and damping ratios of all 
filtered test signals.  Both average log-decrement and average damping ratio is fairly 
constant over the range of loads applied, especially up to 2.5 TN. 
4.3 Error Analysis 
In the previous section, error due to averaging was explained.  The following 
steps were taken during the experiments to minimise errors. 
 The weights used were accurately weighed using precision weighing 
scales at QUT with 6-digit decimal accuracy. 
 Input torque was directly calculated using the manufacturer's output 
torque rating at input power and speed.  No losses were considered.  This 
input torque was applied to the drive train as 1 TN.  Other multiples of 
this torque were used throughout this research. 
 An average of 10 runs was taken for each test performed to avoid human 
errors. 
 A rubber mat was used on the weight hanger to avoid unwanted 
harmonics affecting the results. 
 Loading and unloading were carried out slowly and carefully wherever 
possible to avoid eddy harmonics entering in during handling. 
 All MATLAB and Excel calculations were performed with 6-digit 
decimal accuracy and only the final result was rounded to three (in some 
cases, one) decimals to keep truncation and rounding off errors to a 
minimum. 
 Along with the tangential acceleration, some low frequency signals were 
also seen in the FFT.  They were the vibrations signatures of other setup 
elements, which were filtered out leaving only the signal of interest for 
analysis.  Since the accelerometer's tangential acceleration readout was 
dependent on its physical orientation, care was taken to start with zero 
reading at the beginning of each new trial. 
Static Load Response 
108 | P a g e  
 
4.4 Summary 
This chapter discussed experimental procedures, their result-analyses and 
inferences of hysteresis and torsional vibration responses of a single stand-alone 
Sumitomo's Cycloidal drive (Model: CHH4130-87), subjected to static loading 
conditions.  The following describes the brief chapter summary. 
1. Hysteretic damping behaviour of the stand-alone Cycloidal drive was 
assessed by loading and unloading the input shaft with a torque induced 
by hanging weights keeping the output shaft locked.  The angular 
deformation of the input shaft was directly noted from the attached 
protractor. 
2. The response of the loading and unloading curve showed linearity to 
some extent, but mostly non-linear response was observed. 
3. Input torque was calculated to be 7.2575 Nm without considering losses, 
using the manufactured rated data.  This was considered to be 1 TN, the 
nominal input torque.  Other torque loadings were direct multiples of the 
nominal. 
4. The drive-train with output shaft locked in place was loaded and 
unloaded sequentially in small steps – using weights and pulleys to 
induce several input torques to study the static overall torsional stiffness 
of the drive-train at the input end. 
5. The loading response of the drive train subjected to the highest allowable 
safe torque showed a linear portion up to about 2.5 TN.  A straight line 
was fit and its slope was estimated to be 23.7 [Nm/rad], the overall 
torsional stiffness KT, of the drive train subjected to a static load within 
its elastic deformation range. 
6. The hysteresis response of the drive train also exhibited 'hereditary 
characteristics' – meaning the previous cycles of loading affected the 
current and future loading cycles.  This was due to the residual elastic 
deformation within the drive-train.  This is caused by component 
orientations and clearances provided within the assembly from 
manufacturing, assembling and safe operation points of view.  Large 
torsional compliance evident in the system helps absorb the shocks 
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experienced even during normal operation of the drive train during 
service.  Unavoidable overloads experienced as shocks reflected to the 
motor end of the train, are absorbed and dissipated due to the large 
torsional compliance. 
7. Using the area enclosed by the hysteresis curves a dimensionless 
hysteretic damping factor β was evaluated to be 0.097. 
8. In § 4.2, torsional vibration characteristics were examined by dropping 
weights on to the loaded weight hanger to simulate shocks to the drive 
train.  The oscillations of the input shaft pulley were recorded using a 3-
axis accelerometer measuring tangential acceleration.  The decay curve 
of the response was filtered and analysed for drive-train response using 
MATLAB software. 
9. Logarithmic decrement, Damping ratio and Frequencies of individual 
cycles were calculated by formulae and time period measurements 
respectively. 
10. It was observed that the natural frequency of torsional oscillations 
increases with increased input shaft payload.  This is due to the contact 
deformations of the mating components.  Log-decrements were not 
constant through the cycles of decay curves. 
11. It was concluded that for high load responses, between the first and 
second cycle of oscillation, Coulomb (dry friction) damping is evident.  
Viscous damping behaviour was observed among the rest of the cycles.  
This caused the variation in log-decrements and hence the damping 
ratios of the system. 
12. Average values of log-decrement and damping ratios calculated from the 
signals were found to be  = 0.509 and =0.080 respectively. 
13. Possible errors introduced into the experimental procedure, steps taken 
to avoid several others are described. 
This chapter depicts the system-level drive-train free vibration transient 
response.  The next chapter describes the experiments performed using a test-rig 
specifically built to study the dynamic behaviour of Cycloidal drives under dynamic 
loading conditions at different speeds. 
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5. Dynamic Load Response 
To assess dynamic characteristics of the drive-train, a test-rig specially designed for 
simulating realistic loading conditions during its service, is vital.  This chapter 
describes the development and use of a special test rig for dynamic testing of the 
Cycloidal drive.  First, a brief overview of the historical development, concept, 
advantages and limitations are explained. 
Gear drives experience varying loads in terms of torque while operating in a 
range of speeds.  If speed is held constant by controlling the kinematics of the 
gearing system, then due to load or the method of loading thereof, torque is usually 
lost as heat.  Prevention of gear failures and improving performance has constantly 
been industry-favourites.  Common gear failures include causes such as tooth 
breakage, pitting and micro-pitting, wear, scuffing etc.  On-going performance 
enhancement problems are efficiency, ability to withstand shock loads, dynamic 
behaviour at normal operating conditions, vibration, noise etc.  The Cycloidal drive 
has known to excel with many advantages over conventional drives – namely high 
efficiency, low maintenance, excellent shock loading capability, long life, compact 
size etc. 
Attributes such as efficiency and dynamic behaviour can only be assessed 
experimentally.  To do so, test rigs built specifically for the purpose are required to 
perform dynamic tests where the test gear drives are operated in predefined speed 
and torque conditions.  Mihailidis and Nerantzis [98] have given an excellent 
historical development of the conventional gear test rig in their paper prior to 
presenting their new version of variable speed and torque version of the same for 
assessment of efficiencies, scuffing load carrying capacities, component-wear 
deterioration of oil conditions as well as their influence on friction coefficient and 
efficiency. 
A gear drive needs rotary power from a motor, which supplies speed and torque.  
The gear drive multiplies or reduces torque depending on whether it is used for 
reducing or increasing speed respectively.  To simulate real life loading of the gear 
box for assessing its dynamic behaviour, efficiency etc, a braking device is required.  
The classical open loop motor-gear drive-brake method is limited for a particular 
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power and torque range.  Generally test-rigs are used to test the gear drive's 
performance characteristics at several different torque and speed levels, usually 
higher than the nominal. 
This would necessitate the installation of a large sized rig incurring high costs.  
Also, the motor has to supply all the power required for testing all the way up to the 
top allowable limit of its capacity during testing.  The brake has to dissipate the 
motor's energy as heat to reduce speed – leading to excessive power consumption 
and additional costs.  A better option to solve the problem is to use a closed power 
loop test rig, instead of an open type. 
As the authors of [98] point out, there are – electrical and mechanical closed 
loop test rigs.  In an electrical system, power is fed to a motor that drives the gear 
box which in turn runs a generator that generates electrical power and returns to the 
grid compensating the power loss.  However the big sized motor and generator are 
still a hindrance.  In a mechanical closed loop system however, two identical gear 
drives are coupled back to back and a test torque is 'contained' within the loop so that 
the motor only supplies losses and the efficiency of one drive relative to the other can 
be easily assessed.  A commonly used test rig of this type is the FZG test rig 
(Forschungsstelle für Zahnräder und Getriebebau of the Technical University, 
Munich) also known as 'back-to-back' test rig as shown in Fig. 5.1. 
 
Fig. 5.1  Schematic representation of the FZG test rig (Picture source [98]) 
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Two gear drives of identical teeth structure and transmission ratios are 
connected back-to-back (meaning – the low speed, high-torque shaft of the driving 
gear transmission is connected to that of the driven gearbox), as shown schematically 
in Fig. 5.1.  A torque measuring shaft and clutch is located amidst the slow speed 
shaft between the two gear drives.  One half of the coupling on the high speed shaft 
is held fixed while the other is twisted by hanging a known amount of weight which 
induces a torque in the free shaft. 
The bolts are then tightened to secure the flanges of the coupling before 
releasing.  By doing so, a test-torque is held within the loop.  This setup is energy 
efficient and the motor only has to supply the losses.  Some developments were made 
later, since the test-torque cannot be varied during the test.  To overcome this 
problem, another gear drive is added to the loop to deliver the test-torque, for 
example: a Worm drive, Epicyclic, Harmonic or Cycloidal drives to provide the 
additional variable torque during the test run. 
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Fig. 5.2  Schematic of 'Wolfrom' drive (top) as well as the detailed construction of a new FZG type test rig 
by [98] (section & exploded views of assembly shown; Pictures from [98]) 
The authors of [98] have presented a new updated compact version of the test-
rig using a Wolfrom drive (commonly known as the 'differential gear') as shown in 
Fig. 5.2, for varying the torque during the test run.  The Wolfrom drive consists of 
two sets of planetary gears run by a single small sun gear (see top-left schematic in 
Fig. 5.2).  The first set of planets revolve around the sun gear within a fixed annulus, 
while the other set of planets turn an annulus to get the differential speed reduction.  
Various kinematic inversions of the Wolfrom drive can be achieved by locking 
individual members such as planet carrier, sun or annulus while others are left free to 
turn.  Different ratios and self locking can be achieved.  This property is used to vary 
the applied test torque in the loop while testing other gear drives.  All these were 
used in a compact housing along with a stepper motor so that it uses power only 
when required to increase or decrease the test-torque. 
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5.1 Test Rig Development at QUT 
The Cycloidal drive is a coaxial shaft drive system involving internal gear pairs.  
Two such drives connected back-to-back have an important benefit.  The slow speed 
shaft needs to be turned using a high torque.  A very large-capacity conventional 
braking device is required if a single Cycloidal drive is employed.  However if two 
drives are connected back to back, then the high-torque of the slow speed shaft of the 
driving Cycloidal drive can turn the driven Cycloidal transmission by powering its 
slow speed shaft at the developed high torque.  The high speed shaft of the driven 
end will become the actual output shaft of the system running at high speed and low 
torque.  A low capacity braking device would then be sufficient for this case, which 
is practical and appropriate. 
For the Cycloidal drive used in this research, the output shaft transmits a torque 
of 585 Nm, which is comparatively very high.  Using conventional or other methods 
to brake or vary this torque would require considerable amount of power and hence 
installation of expensive machinery.  Kosse, V., and his team had developed the 
initial version of the test-rig and eventually modified it by replacing the rheological 
couplings with a gear pump and hydraulic station to load the drive-train during 
motion.  The development of the test-rig was presented in the author's paper, [109].  
The author of this report calibrated and put the test-rig to use to assess dynamic 
characteristics of the Cycloidal drive-train.  At QUT, the initial version of the test rig 
was prepared with two Sumitomo Cycloidal drives connected back-to-back (see Fig. 
5.3). 
The gear motor used for the driver is of type CHHX-4130-87/090 and for the 
driven: CHHX-6130-87/090.  Both slow speed shafts are connected with a large 
elastic coupling with a safety guard (see Fig. 5.4).  The gear drives are mounted on 
individual cradles – whose alternate sides are mounted on static and dynamic load 
cells.  Since the rotation directions of slow and high speed shafts of a single drive are 
mutually opposite, alternate sides of gearbox housing bases are loaded in 
compression due to the reaction torque from both housings.  Load cells perform by 
sensing compressive forces.  Alternate bases of the drives impart compressive forces 
to the cradle sides due to reaction torques.  Static and dynamic load cells are 
Dynamic Load Response 
116 | P a g e  
 
mounted (one on top of the other) at the compressive sides of the housing bases, 
under the lip of each supporting cradle as shown in Fig.5.3. 
 
Fig. 5.3  Schematic of the Drive-train and load cells setup on the test rig (Images by the author) 
A braking device has to be used for loading the drive train by applying a test-
torque.  Earlier, the high-speed shaft of the driven Cycloidal drive was connected to a 
series of four rheological couplings for braking (see Fig. 5.4). By varying the value 
of DC (direct current) fed into the rheological couplings, the viscosity of the 
rheological fluid can be changed, and the value of the loading torque can be 
accurately controlled from zero to a set maximum torque [110].  
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Fig. 5.4 Initial version of the test rig; (Image source [109]) 
However, earlier tests performed by Kosse, V., [109] showed that the 
rheological couplings have a significant shortcoming – the life of the rheological 
fluid is less than 12 hours of continuous work. Then all couplings had to be replaced. 
Thus, this concept of the braking is not feasible for this application. 
 
Fig. 5.5 Modified Cycloidal drive test rig showing gear pump and hydraulic tank and fittings; (Image 
source [109]) 
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Alternative concepts for loading devices were friction powder brake, friction 
band brake, eddy current brake and hydraulic pump.  Criteria such as availability of 
hardware, convenience of use, loading torque stability , ability to maintain torque for 
a long time (e.g. 10 hour or even several days of continuous operation, depending on 
test conditions) and cost of installation were used for a comparative study and the 
hydraulic pump was preferred to be used as a brake dynamometer (see Fig. 5.5).  The 
motor has variable speed control accessed at the control box as is seen in Fig. 5.6. 
 
Fig. 5.6 Another view of the test rig showing the sensors and control box; (Image source [109]) 
The driving Cycloidal drive in this test rig is run by a frequency controlled 
motor whose speed can be varied.  For torque variations, a braking device has to be 
used.  The gear motor running at 1500 RPM transmits 1.14 kW imparting a torque of 
7.257 Nm, which is then stepped up to the output shaft to transmit a rated torque of 
585 Nm running at about 17 RPM.  This is again reversed by the second drive unit, 
whose high speed shaft is the output shaft of the whole drive-train. 
The drive train on the cradle set up was retained and a gear-pump (made by 
Casappa, Italy), was attached at the high speed shaft of the driven Cycloidal drive 
(see Fig. 5.5).  The driven Cycloidal drive powers the gear pump, which draws in oil 
from a hydraulic station connected by hoses and quick detach couplings, and pumps 
back to tank.  Two valves mounted on the station are used for applying brake load 
(see Fig. 5.7 a & b).  One of them is a variable flow control valve which can be used 
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to restrict the oil flow by turning the knob gradually, while the other is a flow-check 
valve, which is activated by pulling its lever – like an automobile's hand-brake.  This 
immediately stops oil flow and stalls the pump by pressure. 
 
Fig. 5.7 (a) Hydraulic circuit diagram of the loading device of the test rig (Image prepared by the 
author) 
 
Fig. 5.7 (b) Actual Hydraulic tank with Variable Flow Control Valve, Lever type Check Valve, 
Pressure gauge, Heat exchanger, Temperature & Level indicator; (Photo by the author) 
The variable flow control valve can be used for applying gradual load on the 
drive train, while the check valve is used to impart shock loads.  Care was taken so 
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that when the check valve is closed, oil from the pump diverts to pass through the 
variable flow control valve to the tank.  If both valves are closed, then the pump is 
hydraulically locked.  As a precaution, the setup is provided with a relief valve in 
case of pressure surges.  A hydraulic tank that holds about 80 litres of hydraulic oil 
and a heat exchanger are also part of the station so that it is sufficient for tests run for 
long durations.  Also, an oil level gauge and a thermometer are part of the hydraulic 
station to monitor the temperature and quantity of oil in the tank. 
A suddenly applied braking load stalls the drive train and the motor.  To protect 
the motor, an automatic overload cut off switch is installed in the control box (see 
Fig. 5.6).  The driving motor has an inbuilt fan for cooling the case while running.  If 
frequent stalls occur, or when the motor is run under an applied torque and/or 
running at slow speeds, the fan on the motor shaft also turns at slow speed which 
does not dispel enough air to cool the motor.  Hence an additional fan is mounted at 
the back of the motor case running at all times whenever the test rig is operational. 
The set of load cells at the driver cradle was indexed '0' (zero) and the set at the 
driven cradle – as '1'.  Henceforth, the load cells are addressed as load cell 0 & load 
cell 1 or driver load cell and driven load cell interchangeably.  The terms 0 and 1 
were used to distinguish between the two load cell data and were registered in the 
LabVIEW software as inputs from the two load cells respectively. 
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5.2 Sensors and Data Acquisition Systems 
As explained earlier, load cells were placed on alternate sides of each cradle 
(mirrored pattern) carrying the two back-to-back Cycloidal drives.  Aluminium struts 
(seen in Fig. 5.3) are fit at the opposite sides of each set of load cells.  Static load 
cells, are produced by Transducer Techniques, USA (Model SBO-500) [100] and 
dynamic load cells – by PCB Piezotronics, USA (Model 208C03) [101].  The 
dynamic load cells are fit on top of the static load cells.  These are used in 
combination to record fast changing and slow changing dynamic responses such as 
resonances, transition from standstill to running or peak load to normal operating 
conditions in short durations etc.  On the control box, a tachometer read-out for 
monitoring the speed of the high speed shaft of the driven cycloidal drive, variable 
motor speed control knob, emergency cut off switch and jacks for the leads of a watt 
meter [111] (to measure power consumed; – not shown here) are provided (see Fig. 
5.6). 
Static load cell data is processed in a compact Data Acquisition (cDAQ) Bridge 
module (Model: NI 9237), and a cDAQ IEPE module (Model: NI 9234) for dynamic 
load cell signal conditioning were used on a gigabit Ethernet chassis (Model: NI 
cDAQ-9188) all produced by National Instruments, USA [99]. 
 
Fig. 5.8 Data Acquisition user interface in LabVIEW 2011 software; (Image source [109]) 
A data acquisition user-interface was developed (as shown in Fig. 5.8), using 
"LabVIEW" software (version 2011) [102].  With this setup, a signal sampling rate 
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of 25,000 samples per second was set as standard to capture the dynamic data in 
satisfactory resolution. 
5.3 Calibration 
 
Fig. 5.9 Load cells Calibration bar attached to Cycloidal drive annulus to hang weights; (Image source 
[109]) 
To calibrate the load cells so that the reading obtained is acceptable, and to 
check its error margin at different loads, a cross bar as shown in Fig. 5.9 is attached 
to the annulus of a Cycloidal drive (say the driver Cycloidal drive).  Weights are 
added in steps on each side of the bar in turns to observe the response from load 
cells.  Adding weights to the end of the bar is equivalent to add a moment at the 
driveline axis of the gear box.  Since known weights produce known torques, these 
can be used to calculate forces at the axis of the load cells which are located a small 
distance (205 mm) away from the driveline axis.  The responses from the load cells 
are converted from (μV/V) to (N) and compared with calculated forces due to 
weights hung - which are then plotted in a graph as shown in Fig. 5.10. 
Sequential loading of the cross bar end causes a direct compressive load on the 
load cell axis.  In Fig. 5.10, the response of load cell 1 connected to the driven 
cycloidal drive cradle is shown in red.  Since load cell 0 is connected to the driver 
cradle and on the opposite side, it is loaded by tensile forces – this is seen as a 
negative response.  Ideally the driver load cell reading must be zero, but due to 
elastic deformation in all participating elements of the structure, a small 
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displacement is unavoidable at the non loaded cradle.  However, the difference is 
negligible and can be ignored.  Response of the loaded static load cell 1 shows a 
linear response. 
 
Fig. 5.10  Response of static load cells due to sequential loading of the cross bar and the linear amplitude 
response; (Image source [109]) 
The results from the load cells are plotted automatically as amplitude in volt/volt 
against time in seconds.  Using the load cell manufacturer's data, the V/V value can 
be converted to newtons according to procedure given by [112]. 
Example: Using the load cell's specification, a force read out of 0.005625 V/V 
is: 
Load Cell Excitation Voltage   10 V                                                             (   ) 
Rated  utput   3 mV V nominal                                          (   ) 
Load Cell Capacity    00 lb                                                           (   ) 
Sample force Reading from the load cell            V V                                              (   ) 
Load Cell Capacity    00 lb                                                           (   ) 
Multiplying equations (5.3) and (5.4) and dividing the result by the product of 
(5.2) and (5.1) using the right units, the force in pounds is obtained. 
Force Reading   
 00           
10  
3 
1000
    3.   lb                 (   ) 
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The distance between the load cell axis and the drive line axis is 0.205 m as 
noted before.  With this arm, a torque of 85.4651 Nm acts on the drive line 
components at the plane of measurement. 
5.4 Preliminary experiments conducted using the test rig 
Tests that simulate the real world scenarios such as loading the drive train 
suddenly with a torque, or introducing a shock while the drive train is transmitting 
nominal torque etc, aid in assessing the drive-train's response to dynamic loads.  
Until this point in time, this has not been systematically investigated.  The following 
sub-sections describe the step-by-step approach taken to investigate the drive-train 
dynamics using the test-rig and supporting instrumentation. 
5.4.1 Preliminary stall-test 
The motor on the test rig has a rating of 1.1 kW at a running speed of 1,400 
RPM.  Initially, as part of preliminary tests, the drive train on the test rig was 
accelerated to 1200 RPM (slightly less than the operating speed of 1,400 RPM) with 
the flow control valve closed by 3 turns. 
 
Fig. 5.11  Acceleration Responses of load cells at driver and driven cradles – over time, when the running 
drive-train was suddenly stalled (LabVIEW screen shot) 
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It takes 7 full turns to fully close the valve.  With 3 turns closed, the valve is 
approximately 57% open (i.e. (1 – 
3
 
) × 100).  The system was left running for about 5 
– 10 minutes to warm up the hydraulic oil.  As the oil warms up, its viscosity drops 
and hence the resistance offered by the fluid to the drive-train reduces slightly.  This 
is evident as a slight increase in the tachometer reading of the high speed shaft of the 
driven Cycloidal drive.  The drive train was then stalled by using the check valve 
lever (seen in Fig. 5.7).  The response characteristics are shown in Fig. 5.11. 
In Fig. 5.11, the acceleration responses of the load cells located at the driver and 
the driven Cycloidal drive cradles are shown in green and light blue respectively.  At 
point of stalling, the acceleration signals peak to their maximum and drop to negative 
before gradually decaying to zero.  Understandably, the shock due to the sudden 
stopping of the gear pump is reflected to the drive-train components sequentially in a 
short duration leading to a reaction torque on the annulus of each Cycloidal drive – 
resulting in torsional vibration. 
Since the drives are bolted to their cradles, which are supported by struts on one 
side and the load cells on the other, forces are recorded by the static load cells, while 
the accelerations are noted by the dynamic load cells (accelerometers).  The voltage 
disturbance in the dynamic load cells due to the applied shock is displayed in m/s
2
 
after conversion from V/V.  However, the force readings from the static load cells 
are given in V/V. 
As seen in Fig. 5.11, the accelerations of load cells at both driver and driven 
cradles fluctuate with very high frequencies.  The high sample rate of 25,000 samples 
per second also causes fluctuations.  It was observed that stalling at speeds greater 
than 900 RPM, the acceleration did not exceed the 50 m/s
2
 limit of the dynamic load 
cell (see Fig. 5.12).  To protect the hardware, the manufacturer [101], has 
electronically limited the maximum acceleration recorded to be 50 m/s
2
.  A higher 
capacity accelerometer is required for measuring such accelerations. 
A Fast Fourier Transform (FFT) plot can be prepared using the software code 
written in LabVIEW interface.  Along with the time-domain response as shown 
afore, a frequency domain plot can also be viewed in conjunction.  Fig. 5.13 shows 
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the time domain signal and it's FFT up to about 500 Hz.  The sample rate was 25,000 
samples per second; hence the maximum FFT range would be 12500 Hz. 
Fig. 5.12  Acceleration does not exceed 50m/s2 limit for speeds greater than 900 RPM, since it has been 
electronically limited to protect the hardware; (LabVIEW screen shot) 
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Fig. 5.13  Time domain response (top) and its FFT plot (bottom) shown up to 500 Hz; (LabVIEW screen 
shot) 
Since the drive-train is a multi-mass dynamic system, a number of characteristic 
frequencies are seen in Fig. 5.13.  It is hardly possible to identify the response of the 
drive-train components amidst others, since there is no prior knowledge of vibration 
signatures of the components involved in the study.  To eliminate those signatures 
that do not belong to the drive-train components, several separate tests have to be 
performed with an accelerometer placed at various locations of the setup while a 
small excitation is applied to the drive-train. 
Non-rotating parts also vibrate in x, y and z directions.  For rotating 
components, a tangential acceleration can be measured to determine their natural 
frequency of oscillation.  Using a 3-axis accelerometer (Vernier), these frequencies 
can be segregated by deduction.  For example: if the accelerometer is placed on a 
non-moving object, say the frame of the test rig and the drive-train is excited as 
normal test procedure, then the accelerometer picks up all vibrations within its range 
but the vibrations of the frame are shown with higher magnitudes in all three 
directions compared to the others.  The next section describes tests performed to 
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determine the characteristic frequencies of vibration of various components of the 
test rig. 
5.4.2 Identifying natural frequencies of test rig components 
The test rig setup is a multi-mass system.  All the components depict their 
natural frequencies of vibration when excited.  The base of the setup has rubber 
vibration isolators and the table on which the test rig rests has rubber castors.  These 
do give out vibration signatures when the drive-train is in motion or due to any 
external excitation, but the vibrations are not torsional in nature.  The FFT signal (in 
Fig. 5.13) of the vibration response shows numerous vibration signatures that are 
hard to identify – especially in the low range.  Only torsional vibrations of the drive-
train are of interest in this study. 
The directions of rotations of the input and output shafts of the Cycloidal drive 
used in this research are mutually opposite.  In the test rig, since two transmissions 
are connected back-to-back, the high speed shafts (small shafts) of both drives have 
the same direction of rotation and are not mutually opposite.  Due to mechanical 
advantage, these shafts could be turned using a small torque – even by hand, when 
the drive-train is at rest. 
If the movement of one of these shafts is arrested, then a small torque applied at 
the other end would 'load' the drive-train elastically in torsion.  The system is excited 
upon releasing the load suddenly.  The response due to such an excitation can be 
recorded using a 3-axis accelerometer to analyse the vibration signatures.  It would 
be sensible if the accelerometer was placed at different locations of the test rig to 
monitor the signatures due to various components for the given excitation – 
analogous to using a stethoscope to listen to vibrations within the human body (eg. 
heart rate, breathing etc) at various locations. 
To carry out this task, the accelerometer was attached to several components 
(turn by turn) using button magnets, because they hold on to the metal parts firmly 
avoiding positional shifts that cause measurement-errors while recording data.  Figs. 
5.14 and 5.15 show a temporary modification of the test rig. 
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Fig. 5.14  High speed shaft locking device and setup; (Photos and 3D CAD Image by the author) 
The high speed shaft of the driven Cycloidal drive was chosen to be locked, 
while the motor shaft was turned against the constraint and released to excite the 
system in torsion.  For this, a shaft locking device (made of steel) was designed and 
produced which is shown applied at the driven end in Fig. 5.14.  The locking device 
is octagonal in cross section with a threaded hole on each face and a central bore 
with key-way to secure the shaft.  A long threaded rod
2
 is inserted to one of the holes 
and held in position by a set of hexagonal nuts.  The free end is hooked to the test rig 
table through a spring balance (see Fig. 5.14).  The spring balance reading comes 
handy to monitor the approximate torque on the driven-shaft end so as to avoid 
overloading. 
The motor end must also have similar setup so that it can be used to excite the 
drive-train.  A drive-dog (also known as 'lathe dog' is a holding device used on the 
lathe chuck to support one end of long shafts while being turned or machined) was 
attached to the motor shaft key-way (see Fig. 5.15).  The short free end of the drive-
dog rests on a socket-head-cap screw attached to the motor frame.  To excite the 
drive-train, while the other end is held against the spring balance as explained before, 
                                                     
2
 A rod with threads cut all along its length is commonly known as a 'Booker' rod. 
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the drive dog is lifted by hand and released.  The entire drive train works as a 
torsion-spring releasing its elastic strain energy as the drive-dog falls on to the screw.  
To damp vibrations caused by impact of metal on metal, a pencil eraser was taped to 
the screw (as is seen in Fig. 5.15). 
 
Fig. 5.15  Drive-dog attached to the motor shaft end, after removing its fan; (Photo by the author) 
This temporary setup allowed the drive-train to be excited with small torques.  If 
the drive-train was preloaded with a known torque, say the nominal torque   , or it's 
multiple, then the drive-train's characteristic responses at various torque levels can be 
identified. 
The drive-dog's short arm was lifted by hand and released to excite the system.  
This worked well for lower multiples of the nominal torque   .  Higher torques 
could be held within the system by twisting the locking device (shown in Fig. 5.14) 
in the counter clockwise direction and reattaching the threaded rod to the next hole 
on the octagonal face such that the rod is fairly horizontal and secured in that 
position by the spring balance.  The rod also showed bending deformation as it was 
slender. 
The spring balance would not give the correct force reading when the rod was 
bent due to high torque held within the drive-train.  This force reading is not highly 
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important, because it was only used as an indicator so that the system was not 
overloaded.  High torques held within the system would necessitate a large force 
applied to the drive-dog to get it off its resting position, which is humanly impossible 
at very high loads.  To overcome this problem, a copper extension rod was attached to 
the free end of the drive-dog for leverage (see Fig. 5.16). 
 
Fig. 5.16  A copper tube was used to provide leverage, when the drive train was loaded with very high 
torques; (Photo by the author) 
 
Fig. 5.17  Four chosen positions for placing the accelerometer to take measurements; (Photo by the author) 
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Four positions were chosen to place the accelerometer to record the vibration 
responses when the system was excited (at the motor end using the drive-dog).  Fig. 
5.17 shows the positions numbered 1 to 4.  Position 1 was on the shaft locking device 
as shown in Fig. 5.18, where the accelerometer's z-axis sensor measured the 
tangential acceleration.  The z-axis is seen parallel to the threaded rod (perpendicular 
to the plane of this page pointing towards the reader).  The drive-dog was lifted by a 
small amount against the drive-train's torque and released.  The data was recorded by 
the Labquest device connected to the accelerometer at 1000 samples per second for 5 
seconds duration. 
 
Fig. 5.18  Accelerometer at Position 1; (Photo by the author) 
 
Fig. 5.19  FFT plot of torsional vibrations 'felt' by the accelerometer at position 1 
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The experiment was repeated four times for consistency.  The result of one such 
run while the accelerometer was at position 1 is given in Fig. 5.19.  The sampling 
rate of recording data was 1000 per second.  Hence the FFT spans its abscissa up to 
500 Hz.  Mechanical systems generally respond in the low-frequency band compared 
to electrical and electronic signals of most systems.  In Fig. 5.19, frequencies beyond 
60 Hz are not shown, as their amplitudes were small in comparison with the ones 
shown – blended with the system noise. 
Position 2 was chosen to be located on the large flange of the elastic coupling 
connecting the two gearboxes (as is shown in Fig. 5.20), but the z-axis of the 
accelerometer was opposite to that of previous position (perpendicular to the plane of 
this page but away from the reader).  This was done because the direction of rotation 
of the coupling is opposite to that of the high speed shafts as explained earlier. 
 
Fig. 5.20  Accelerometer at Position 2, on the large coupling-flange; positive z-axis is along the direction of 
coupling rotation which is perpendicular to the plane of this page, towards the reader; (Photo by the 
author) 
The coupling has a thinner flange next to the large one on top of which is 
Position 3.  The two flanges are held by 8 large hexagonal bolts with 'Nyloc' nuts.  
Rubber bushings are provided around the shanks of the bolts which also take part in 
damping torsional vibrations to some extent.  Hence position 3 was chosen to 
compare the results with those of the larger flange. 
Position 4 was right next to the drive-dog on the motor shaft end.  This was 
selected to compare the results with those from position 1, since they are of the same 
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size.  At all positions, the experiment as described before was repeated 4 times for 
different torque levels.  The data obtained from each accelerometer position was 
analysed and the top four frequencies arranged in descending order of their amplitude-
heights are as shown in Table 5.1. 
Table 5.1 Top four frequencies (column wise – in Hz) of torsional vibrations 
observed at four accelerometer-positions 
Accelerometer Positions 1 2 3 4 
Signals with the highest amplitudes  0.12 8.42 19.49 0.12 
With second highest amplitudes 30.03 19.29 8.54 19.41 
 9.64 31.13 29.91 30.03 
11.47 29.79 31.25 11.60 
In Table 5.1, most frequencies are repeated indicating that they are from the 
same sources.  It is apparent that at positions 1 and 4, (identical high speed shafts of 
each gearbox), the highest amplitudes belong to very low 0.12 Hz frequency signals.  
This could be the response of the shock introduced by the dropping drive-dog at 
position 4 and similarly – due to the jerk experienced by the shaft locking device and 
threaded rod on the other end of the drive-line at position 1. 
Several characteristic frequencies can be expected at various locations 
originating from the same source, as the vibration modes are geometry dependent.  
Due to the multi-body configuration of the test-rig arrangement it is very 
complicated to predict the exact source of these frequencies seen in all of the test 
plots.  Hence the accelerometer has to be placed at several locations and the resulting 
high amplitude frequency gives sufficient evidence to reason that a lot of vibration 
energy is felt and dissipated within the near vicinity of the sensor (viz. 
accelerometer). 
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Fig. 5.21  Accelerometer was placed on the driver-cradle directly above the load cells to record the x, y and 
z direction vibration signatures of various test-rig components; (Photo by the author) 
Following the analogy, the accelerometer was placed on the driver and driven 
cradles – turn by turn, just above the load cells and aluminium struts on the same side 
of the test rig (see Figs. 5.21 and 5.22 respectively).  Similarly it was placed on top 
of the control box as well, and data was recorded – when the drive-train was excited 
by the drive-dog in the same manner for all tests. 
 
Fig. 5.22  Accelerometer on driven cradle above and between the aluminium struts; (Photo by the author) 
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Upon several test runs, it was concluded that various component-characteristic 
vibration signatures due to up and down movement seen on a typical FFT plot are 
summarised in Table 5.2 as follows: 
Table 5.2 Longitudinal Vibration Signatures of some Test-rig components 
Component Frequency Range (Hz) 
Test rig Control Box 8.30 – 8.54 
Driven Cycloidal drive's Cradle 30.15 – 30.27 
Driver Cycloidal drive's Cradle 19.41 – 19.53 
Test rig Frame 11.60 – 11.72 
Work Table 69.09 – 69.21 
The control box is a long sheet-metal box fixed on one end of the test-rig frame.  
It shook vigorously at certain speeds while the drive-train was in motion.  
Nevertheless, in almost all static drive-dog drop experiments (described so far); a 
spike between 8.3 Hz and 8.54 Hz in the FFT plot was always present with 
significant amplitude energy.  Such strong vibrations of components not involved in 
the focus of study are inevitable and have to be identified and excluded to avoid 
confusions in result interpretations. 
The load cells are meant to oscillate vertically up and down due to their S-
shaped structure.  Gaps on either side of the load cell body facilitate oscillation.  
Since the load cells are mounted on the frame underneath the cradles, and the frame 
situated on the table – all show a high amplitude spike between 11.6 and 11.72 Hz.  
This makes the results interpretation, a very complicated task and often leads to 
doubts about which of the above mentioned members actually depict this particular 
signature. 
These frequencies, although highly pronounced in some FFT plots, do not 
contribute to torsional vibrations of the drive-train components.  Either these 
signatures should be identified and removed from the main signal response (using 
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signal processing techniques in MATLAB software) or the appropriate drive-train 
frequency is 'searched' by eliminating the signatures of unwanted oscillations. 
Since the setup and the drive-train components are multi-mass systems, more 
than one natural frequency of each component results in a typical FFT response.  
Classifying these signals is not as simple as in the case of the stand-alone Cycloidal 
drive detailed in Chapter 4. 
The test rig has to be accessed on both sides of its longitudinal axis to perform 
experiments.  If the rig was placed horizontally on a rigid corner platform of the 
laboratory, access to the far side is not possible because to the adjacent wall.  Due to 
space restrictions and inconvenience posed for experimenting, the rig had to be 
placed on a mobile table.  Care was taken to secure the table to a fixed member in the 
laboratory using G-clamps.  Despite such precautions, vibrations of supporting 
components were strong enough to be superimposed on the drive-train frequency.  If 
on the other hand, a fixed rigid platform was available for the test rig, as was the case 
for the stand-alone Cycloidal drive (explained in Chapter 4); many 'noise' (unwanted) 
signals would have been avoided leaving a cleaner FFT plot.  Electrical system 
noises in measuring devices are also inevitable, which have to be filtered out. 
This anomalous behaviour of multi-mass vibratory systems necessitates 
comparison of signatures obtained from "knock-and-feel" method tried on the test-
rig; to those obtained from the stand-alone system to enable users to pin point some 
of the common drive-line frequencies. 
5.4.3 Slow speed tests 
Tests were performed to observe the drive-train signatures while it was running 
at slow speeds.  This can then be compared to that of a statically loaded stand-alone 
drive so that the frequency range common to both would be the natural frequency 
sought after.  The accelerometer was placed on the large coupling-flange with its 
cable wound in the opposite direction of travel to avoid cable-entangling when the 
drive-train is in motion. 
At nominal input speed of 1,400 RPM, the speed of the coupling would be about 
17 RPM.  Hence the input speed was selected to be a tenth of the nominal – viz. 140 
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RPM, which would give enough time to record and stop the Labquest data 
acquisition device after stalling the drive-train.  Several trials were performed to stall 
the drive train from a constant running speed of 140 RPM.  One such time-domain 
response has shown acceleration values of the 3 axes are shown in Fig. 5.23. 
 
Fig. 5.23  Time domain acceleration response of all three principal axes when the accelerometer travelled 
in a circular path along with the large coupling flange 
The acceleration values read from the three principal axes depend on the 
physical orientation of the accelerometer unit.  If the orientation of the accelerometer 
changes, then the acceleration values also change and do not reset to zero.  Instead, 
the new acceleration value becomes current and stays the same until the unit is 
disturbed again.  As seen in Fig. 5.23, the axis of oscillations for the z-axis 
(measuring tangential acceleration of the large coupling flange, since the 
accelerometer was fixed to it) is arc-shaped instead of a straight line.  Also, the axis 
of x-axis readings is inclined instead of being horizontal.  Despite these variations, 
the FFT of the response can be plotted. 
It was observed that the amplitudes of a bent or inclined response (vs. time), 
were relatively shorter than a horizontal response of comparable amplitude strength.  
In the free vibration response of the stand-alone Cycloidal drive (see Chapter 4), this 
anomaly was not profound, because of limited oscillatory movement of the 
accelerometer.  The accelerometer was secured to the rim of the pulley, the z-axis of 
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which measured the tangential acceleration.  For large oscillatory movement of the 
pulley due to the dropping of the weight hanger, the orientation of acceleration 
changed as it simultaneously recorded acceleration values. 
 
Fig. 5.24  FFT plot showing drive-train signals up to 65 Hz while running at 140 RPM 
Due to this error, the z-axis response was spread as an arc instead of a horizontal 
straight line.  But in the case of the stand-alone Cycloidal drive, the arc's radius was 
very large, and the angular motion of the pulley was comparatively small – hence the 
anomaly of measurement was negligible.  In this test however, it was more profound 
since the angular motion of the large coupling spans several degrees of axial spin.  
The frequencies in the FFT plot of the time domain signal (seen in Fig. 5.23), are 
shown in Fig. 5.24. 
Many signals are seen in the low frequency range of the FFT plot.  The full 
frequency range spans up to 12500 Hz – half of the sampling frequency.  In Fig. 5.24 
however, a range only up to 65 Hz is shown.  As discussed before, generally 
mechanical system responses would be in the low range when using a very high 
sampling frequency.  Using MATLAB's signal processing tool, prominent signals 
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shown in Fig. 5.24 were filtered and analysed (ref. Appendix B).  The log-decrement 
and damping ratios of these signals were calculated in the usual manner.  Fig. 5.25 
shows the average log-decrement and average damping ratios of these prominent low 
frequency signals arranged in descending order of their amplitudes from left to right.  
The descending order was chosen so that the signal with the highest amplitude 
energy was given priority. 
 
Fig. 5.25  Average values of log-decrement and damping ratios of prominent low-frequency signals 
arranged in decreasing order of their amplitudes from left to right 
From Fig. 5.25, it is evident that damping behaviour of the signals is mutually 
different.  The drive-train frequency stands third from the left.  Others (ticked in 
blue) show comparatively high log-decrement values and damping ratios – indicating 
that they decayed quickly due to high damping behaviour.  These could be harmonics 
of the setup components such as the cradle, housing etc. 
In order to identify as many signatures as possible, accelerometer readings were 
recorded at all the events whenever a modification was done to the system.  At first, 
a blank accelerometer reading was taken when the test rig was at rest and not 
powered.  During that time the laboratory was calm with no disturbances or human 
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activity.  The accelerometer still detected the faint sound of air passing from the air 
conditioner ducts.  The amplitudes were very small when this was compared to those 
of the results obtained from the running test rig. 
The alternating electric power supply frequency (standard 230V @ 50 Hz) along 
with its harmonics also showed up in the FFT plot of the blank run – as sharp little 
spikes at 50 Hz, 150 Hz and 300 Hz in descending order of amplitudes.  After this 
step, the test rig was powered on.  As mentioned before, at very low motor speeds 
when the drive-train was stalled but still under torque, the motor-fan would not blow 
enough air to cool its casing.  An auxiliary fan was installed outside the motor casing 
at its free end.  This fan was set to turn on when the test rig is in the stand-by mode 
and stay on at all times.  The fan will not turn off even when the emergency stop 
button is pressed to de-energise the system as a safety feature. 
Results showed that the fan's rate was between 62 Hz and 63 Hz.  Depending on 
the accelerometer's location, the fan rate's amplitude varied.  The farther the 
accelerometer's position the fainter the amplitude; but always within the vicinity of 62 
and 63 Hz.  At this stage at least six signals in the low range of the FFT plot were 
clearly identified – namely the characteristic frequencies of the control box, driver and 
driven cradles, the frame, work table and the auxiliary motor fan (refer Table 5.2 and 
Fig. 5.24).  Similar advances in experimenting resulted identification of other 
characteristic natural frequencies of the drive-train. 
As before, the sampling rate was set to 1000 samples per second in the Labquest 
data acquisition device.  The accelerometer was placed on several locations to 'hear' 
the drive-train's response which were – on the load cells, control box, both Cycloidal 
drives' annuli (on top of each annulus' housing), and at the gear pump.  In each case, 
the amplitudes of the characteristic frequencies of the nearest components were 
higher than the rest.  This helps in clearly identifying the source of the vibration 
signature.  The drive-train's input shaft frequency of torsional vibration was 
identified through elimination of other signals and by comparing the result with that 
of the stand-alone Cycloidal drive's response to weight-drop tests. 
Frequency of the input shaft end of the drive-train obtained from the transient 
dynamic test due to a step load in the weight-drop experiments conducted on the 
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stand-alone Cycloidal drive (see § 4.2.3 of Chapter 4) was between 27 and 28 Hz.  In 
Fig. 5.24 as well, the spike at 28.2 Hz is seen; which is in the fundamental drive train 
frequency at the input shaft end. 
 
Fig. 5.26  Gear pump disassembled to count the number of gear teeth (which is 12 on each gear) to 
estimate tooth rate (Photo by the author) 
Attempts were made to identify other signals.  The input speed was 140 RPM, 
which is 2.334 RPS (rotations per second), this is observed to be 2.2 Hz (of order 1X 
– see Fig. 5.27), which agrees closely with the calculation.  In condition monitoring, 
various component frequencies are typically expressed as a multiple of the driving 
(input shaft) speed.  This is known as the order of the vibration.  At input shaft speed 
the order is 1X.  If other components have a rate which is a multiple of the input 
speed, for example: if another shaft of the system runs at twice the speed of the input 
shaft, then its order would be 2X. 
Vibration of an unbalanced (eg. eccentric) rotor is the speed of rotation 
expressed as 'cycles per second' (CPS).  Hence the input speed frequency in this case 
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is 2.334 CPS.  The tooth rate of the gear pump, which is the number of teeth on the 
gear times the speed in CPS can be estimated if the numbers of teeth on the gears are 
known.  Hence the gear pump was disassembled to count the number of gear teeth, 
which is 12 on each gear.  Fig. 5.26 shows the open view of the gears within the 
pump.  Thus the gear tooth rate (or gear mesh frequency) at 140 RPM was computed 
to be 28 Hz (2.334 × 12 = 28). 
 
Fig. 5.27  Various frequencies identified in the FFT plot of transverse vibrations felt at the control box at 
drive-train speed of 140 RPM 
Since the gear is mounted in the middle of its shaft, side band signatures also 
show up in the FFT plot which are calculated as Gear mesh frequency ± running 
speed – i.e. (28 ± 2.334) Hz.  The two side band frequencies of 25.667 Hz and 
30.333 Hz are seen in the FFT plot shown in Fig. 5.27. 
Oil whirl is a phenomenon occurring under certain conditions in lightly loaded 
fluid-film bearings [113].  In Chapter 4, it was concluded (from the author's 
publication [106]) that due to the presence of fluid film between mating components 
of the drive-train, for example the cycloidal teeth and the annulus pins they mesh 
with, viscous damping is present when the drive was loaded lightly (lower multiples 
of the nominal input torque).  Frequency bands due to oil whirl phenomenon was 
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seen the FFT plot of Fig. 5.27.  It is generally of the order of 38 to 40% of the input 
shaft speed, although [113] states that it is typically 40%-42% and is always less than 
50% of the input shaft speed. 
In this case, the pin mesh rate of the Cycloidal disc would be – the number of 
pins on the annulus times the input shaft rotation – which is 102.3 Hz, because the 
Cycloidal disc traverses on the inner periphery of the annulus meshing with the pins 
at the speed of the input shaft (order 1X).  Hence the oil whirl frequencies due to 
multiple pin mesh would be between (0.38 × 44 Annulus pins × 2.334 CPS) and 
(0.48 × 44 Annulus pins × 2.334 CPS).  These two limits would evaluate to 39.013 
Hz and 49.28 Hz respectively.  This is also clearly seen (coloured orange) in Fig. 
5.27. 
A similar case is expected at the interface between the output shaft pin rollers 
and the enlarged holes of the Cycloidal disc they mesh with.  Due to differential 
motion of the Cycloidal disc, the output roller rate would be the difference between 
the input and output speeds, which is (2.334 – (2.334 87)) = 2.307 CPS.  Oil whirl 
due to the contact interface is generally within 38% to 48% of the roller rate – 
evaluating to 0.876 and 1.107 Hz respectively.  These frequencies are too small to 
observe in Fig. 5.27. 
Since the setup is a multi-mass system, slight variations in the resultant 
frequency are common.  Other frequencies get superimposed on each other if their 
values match or differ slightly.  As is seen in Fig. 5.26, the fundamental torsional 
vibration frequency of the input shaft of the drive, found to be between 27.34 Hz 
and 28.2 Hz has been superimposed with the gear pump side bands.  The 
fundamental train frequency would be the same when stalled irrespective of the 
running speed.  If the gear pump rate and its side-bands were moved away from its 
current location, then the fundamental train frequency could be clearly seen in the 
FFT plot.  To investigate this, the experiment was repeated at twice the current 
speed viz. 280 RPM. 
At 280 RPM, the drive-train was not stalled, but allowed to run continuously.  
The accelerometer was placed on top of the control box (which is away from the gear 
pump) such that its x-axis measured vibration due to up and down motion.  The y-
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axis of the sensor was parallel to the drive-line axis, which measured the longitudinal 
oscillations and the accelerometer's z-axis pointed toward the user facing the control 
buttons on the control panel, which measured the sideward (transverse) vibrations. 
In this new position, there was no problem of accelerometer-measurement-
anomaly (as described before) and its cable entanglement issues, because it was fixed 
in place and did not move.  This enabled continuous monitoring of the running drive-
train's response.  The time domain as well as frequency domain (FFT – shown only 
up to 60 Hz for clarity) plots are as shown in Fig. 5.28.  The input shaft frequency – 
28.08 Hz of the drive-train is shown highlighted, which is still superimposed with 
another harmonic. 
 
Fig. 5.28  Drive-train's transverse vibration signal in Time-domain (shown above) and its FFT plot 
(below); (MATLAB screen shots) 
Similar to previous calculations, the orders of oil whirl due to Cycloidal teeth 
mesh and the output roller rate, gear pump rate and its side-band frequencies were 
calculated for 280 RPM.  The input speed is 4.67 CPS (for 280 RPM), the gear 
pump's tooth mesh rate is now 56 Hz and its side bands at 51.33 Hz and 60.667 Hz 
respectively.  These are seen in Fig. 5.29 slightly varied. 
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Fig. 5.29  Comparison of drive-train responses at running speeds of 140 RPM and 280 RPM 
The input speed was observed to be 4.64 CPS (see Fig. 5.29).  The gear pump 
rate and its side bands have been dwarfed by another harmonic with big amplitude.  
This could be due to super positioning of a drive-train harmonic with the electrical 
power source (230V @ 50 Hz), since the accelerometer was situated right above the 
metallic control box.  The large amplitude explains that the source is in close vicinity 
to the measuring device.  The drive-train's fundamental frequency is still 
superimposed with another harmonic but is clearly visible at 28.08 Hz, agreeing with 
the other results as well as that of the stand-alone drive-train's response to drop 
weights (as explained in Chapter 4). 
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5.5 Stalling the drive-train while running under load 
Further high speed running tests were performed to assess the dynamic factor of 
the drive-train occurring at severe shock loads.  For these tests, the 3-axis 
accelerometer was not used.  The force and acceleration responses were taken from 
the test rig's load cell readings. 
The flow control valve on the hydraulic station has to be given 7 full turns to 
completely close from the fully open position.  If, 3.5 turns were closed then it can be 
approximately considered as 50% open.  If the flow control valve was fully open, 
then pulling the check valve to stall the drive train would not stop it, but gave out a 
humming sound as the oil was being diverted to the flow control valve, instead of the 
check valve.  The passage for the flow was still large enough and did not load the 
drive-train well enough and the speed was hardly disturbed.  To stall the drive train, 
the flow control valve had to be closed partially.  This was achieved by closing the 
flow control valve with a definite number of turns. 
 
Fig. 5.30  Dynamic factor is the ratio of measured peak to normal operating forces experienced at load cells 
of the driver and the driven Cycloidal drives due to suddenly applied shock load at 50% hydraulic load; 
(LabVIEW screenshot) 
At first, the valve was closed 50% by closing it 3.5 turns.  The drives were 
gradually accelerated to normal speed, 1,400 RPM.  To allow for the oil to warm up, 
the setup was left to run for more than 10 minutes.  Since warm oil is less viscous, 
the speed increased by about 10 RPM.  This was re-adjusted to 1,400 RPM and let to 
stabilise again for about 5 more minutes.  Then, using the data acquisition interface 
on the computer, data recording was triggered.  Immediately the check valve was 
closed.  The drive-train stalled and the motor safety switch cut off the power supply 
Dynamic Load Response 
148 | P a g e  
 
to protect the motor and the test rig was de-energised, except the auxiliary fan, which 
ran continuously.  The data recording was stopped at the computer and the file was 
saved.  Fig. 5.30 shows the force plots of both load cell responses (located at the 
sides of the driver and the driven Cycloidal drives). 
The ratio of the peak force to that of the normal running mode is the dynamic 
factor.  The dynamic factors for the driver and the driven responses shown in Fig. 
6.30 were found to be 4.049 and 4.298 respectively.  The gear pump offers load to 
the driven Cycloidal drive directly, which explains the bigger dynamic factor.  For a 
50% hydraulic load, the dynamic factor measured was considerably high.  Sumitomo 
claims that their Cycloidal drives can withstand up to 500% shock overload, which is 
a dynamic factor of 5 (5 times the nominal torque).  Since in this experiment, the 
load cells measure the reaction force of the housing, and force times the 
perpendicular distance is the torque on the driveline. 
In another trial, the flow control valve was closed about 25%.  This provided 
less restriction for the oil flow from the gear pump loading the drive-train relatively 
lightly.  The dynamic factor measured using the same procedure was found to be 
2.7762 and 2.8939 for the driving and the driven Cycloidal drives (see Fig. 5.31).  
Here as well, the dynamic factor of the driven Cycloidal drive is higher than the 
driver.  Comparison between the two load cases is shown in Table 5.3. 
 
Fig. 5.31  Dynamic factor is calculated from the shock force response of the static load cells of both cradles, 
when the flow control valve was closed 25%; (LabVIEW screenshot) 
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Table 5.3 Comparison of Overload factors of Driver and Driven Cycloidal 
drives 
Flow Control Valve Driver Cycloidal drive Driven Cycloidal drive 
50% Open 4.05 4.30 
75% Open 2.78 2.89 
5.6 Results comparison with static load tests of stand-alone Cycloidal drive 
5.6.1 Results of Dynamic tests performed on the test-rig 
It is notable that for only a 25% increase in the hydraulic load, the dynamic 
factor increased by about 46%, thus highlighting the significance of the effects of 
drive-train dynamics.  However, the sudden stalling of a running drive-train occurs 
seldom in its service life.  Under normal operations it was found that Cycloidal 
drives have relatively low dynamic factor (less than 2.5) compared to conventional 
drives (which are usually 2.5 or greater). 
The static (see Chapter 4), and dynamic experiments show a linear response to 
the applied input torque.  More cycloidal teeth engage as the input torque increased 
with their respective pins of the annulus thereby sharing the load.  There is no 
bending strain in the annulus pins since they are housed in close fitting sockets that 
run all along pin-lengths providing full support. 
Just as the dynamic factor is the ratio of peak force to the normal running force 
reaction of the housing, ratios of peak to normal were compared when the test rig 
was operated at several speeds in increasing order.  The accelerations recorded even 
when the test rig was at stand-still, were fluctuating due to system excitation and 
noise.  Although theoretically, the accelerations of both load cells are zero, taking 
ratio of peak to zero would be indeterminate (the denominator of a fraction cannot be 
zero).  Hence the peak of slight acceleration variations, just above zero was taken as 
minimum (instead of zero), and peak acceleration due to stalling as the maximum 
and the ratios were calculated. 
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Fig 5.32 shows acceleration ratios at various motor speeds in RPM.  Peak 
acceleration at the point of stalling rises with increase in running speed.  It is noted 
that the driven cycloidal drive always lags behind the driver due to losses in the 
drive-train.  But at speeds of 100 RPM and 700 RPM, it is vice-versa.  This may be 
due to resonances of harmonics at particular speeds. 
 
Fig. 5.32  Ratio of peak acceleration to acceleration variations while running at different speeds 
5.6.2 Results of Static tests performed on the test-rig 
From the tests performed on the test-rig, the shock response of the drive-train 
showed a natural frequency in the range of 27.37 to 28.2 Hz.  The average 
logarithmic decrement and damping ratio of the drive-train assembly were evaluated 
to be  = 0.1494 and  = 0.02378 respectively.  This is much less than the values 
calculated from the test results of the stand-alone Cycloidal drive (see Chapter 4).  
Drive-train responses depend on whether the drive-train is in motion or stand-still.  
Since the test-rig setup is a multi-mass system, inertia and stiffness of the drive-train 
configuration can influence the dynamic response to a given loading scenario; hence 
the logarithmic decrement and damping ratio values obtained from test results of a 
moving drive-train differ from those of the free vibration response of the stand-alone 
Cycloidal drive described in Chapter 4. 
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5.7 Error analysis 
Overall errors of measurement devices were summed for an estimate of 
precision of measurements of the experiments.  Care was taken to avoid and/or 
minimise errors of measurement.  Several test runs were conducted and the results 
averaged.  The following list the precision of measurement offered by the measuring 
devices used in the experiment [109]. 
 According to the manufacturer [100], the static load cells perform with 
an overall error of 1.3% of the rated output. 
 For dynamic load cells it is within 0.05% of the rated output [101]. 
 In Fig. 5.10, while calibrating, it was observed that when the driving 
cradle's load cells were calibrated using loads, the driven load cells also 
deformed giving small values of forces.  This was due to the twisting of 
the frame as the load was applied to only one side.  The 'creep-in' load-
cell reading error due to structural deformation was calculated to be 
about 0.0877%.  The bending of the calibration bar was also kept to a 
minimum by choosing a proper section modulus and high strength 
rectangular hollow section bar.  All these summed up to approximately 
1.4377% (error) of the overall measured quantity, which can be 
considered quite negligible for practical purposes. 
 The test rig was put on a rubber mat with high damping capacity on the 
work bench to keep measurement errors due to vibration as minimum as 
possible. 
 Other vibrations such as those of the hydraulic hoses due to pulsating oil 
flow from the gear pump could disturb the readings from load cells if 
they touched the work bench.  They are kept apart and away from the 
table to avoid errors. 
 During actual tests, enough time was given for the oil to soften up, as the 
tachometer registered slightly higher speeds (about 10 RPM higher) than 
the set speed when the hydraulic oil warmed up.  Care was taken to 
warm up the oil before taking readings. 
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5.8 Summary 
This chapter describes the dynamic experiments conducted on the Cycloidal 
drive (CHH4130-87).  The following points briefly summarises the experiments 
conducted using the test rig and respective findings. 
1. A brief overview of a commonly used gear-transmission test rig (FZG – 
back-to back gear test rig) [98] was described and the variants used for 
testing gearing systems in industrial practice was provided in the 
beginning of the Chapter. 
2. At QUT, a similar test rig had been developed earlier, which initially had 
rheological fluid couplings used as braking device to apply a braking 
torque on the Cycloidal drive-train.  This was later replaced by a 
hydraulic gear pump which idly pumps oil from the tank and sends it 
back to it via a flow-control as well as a flow-check valve.  The test rig, 
including its safety features has been comprehensively described in the 
author's paper, [109]. 
3. Sensors and data acquisition system used were described in detail along 
with basic calibration methods [109]. 
4. Methods of performing preliminary stall tests, their pitfalls and 
anomalies have been described in § 5.4.  Natural frequencies of 
components involved in vibration had to be identified to eliminate from 
the FFT plots of the time domain responses of the tests.  Then the drive-
train frequency can be isolated using filtering techniques of signal 
processing software tools such as MATLAB.  The filtered signal could 
then be used to calculate the log-decrement and hence the dynamic ratio.  
With the dynamic ratio, the overall damping constant can be arrived at.  
This would be useful for solving phenomenological modelling. 
5. Slow speed tests revealed that up to 900 RPM, the accelerations were 
reported as is by the dynamic load cells.  Above that speed, they were 
limited to a top value of 50 m/s
2
 by their manufacturer for protection 
against overload damage.  Harmonics due to gear pump tooth mesh and 
Cycloidal teeth mesh rates were identified at slow speeds to be 
superimposed with fundamental train frequencies.  Multiple tests 
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revealed the fundamental train frequencies as the gear pump and other 
harmonics shifted as they are of higher order of the input shaft 
frequency. 
6. A strong rigid base for the test-rig is vital, but due to space and 
accessibility limitations, a mobile workbench had to be used.  These give 
out multiple harmonics into the load cell readings making interpretation 
quite challenging. 
7. Stalling tests confirmed the drive train fundamental frequency at the 
input shaft to be the same as that assessed in the stand-alone Cycloidal 
drive which was described in Chapter 4 to be within 27.37 to 28.2 Hz.  
The average logarithmic decrement and damping ratio were  = 0.1494 
and  = 0.02378 respectively 
8. Stalling under various loads, controlled by varying the return oil flow 
from the hydraulic pump was discussed and the dynamic factors 
calculated.  It was observed that at about 50% hydraulic load, the 
dynamic factors for the driving and the driven Cycloidal drives were 
found to be 4.049 and 4.298 respectively.  For a reduced hydraulic load 
of 25%, the dynamic factors were found to be 2.7762 and 2.8939 , thus 
for an equal amount of increase in the load, a substantial increase in the 
dynamic factor experienced due to shock overloading was established. 
9. The dynamic test results confirm that Cycloidal drives are high ratio 
compact transmissions with relatively low dynamic factors compared to 
conventional drives. 
10. Coupling selection plays an important role in the gear drive's dynamic 
factor.  If the drive-train characteristics are known, then the couplings 
could be chosen with some critical amount of elasticity so that they take 
up a portion of the shocks arising from normal and extreme service 
conditions, thus protecting the drive-train components.  If this procedure 
was standardised with proper knowledge of the drive-train as well as 
coupling dynamics, then the design of the drives could be revised to less 
optimise for strength, which makes them even lighter and more compact 
but not short on performance. 
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More detailed analytical and numerical studies, difficulties in applying known 
techniques, and the need for further refinements are discussed in the next Chapter.
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6. Numerical Study 
The results of static experiments provide a system-level characterisation of the drive-
train response to time-independent loads.  In order to study the component-level 
behaviour, further simulations using FEA techniques are required.  A 3D CAD 
model is a prerequisite, for FEA simulations.  This chapter describes the methods 
used to create 3D CAD and subsequently the simplified drive-train FE models. 
Until this point in time, no resource is available that provides the geometry 
design guideline for 3D CAD model synthesis of high speed ratio cycloidal drives 
(greater than 75:1)  – which gave no alternative but to build the model starting from 
the basics.  A typical commercialised high-ratio Sumitomo Cycloidal drive was 
measured for geometrical parameters and used to create a 3D CAD assembly and 
finite element model of the main drive-train components using SolidWorks (version 
2012, Dassault Systemes, USA) and ANSYS Workbench (version 14.5, ANSYS Inc. 
USA) respectively. 
6.1 3D CAD model of Cycloidal disc 
Lorenz Braren's [20, 21] approach (explained earlier in § 2.2) in his patents were 
used as a guideline to create the geometry in CAD. 
 
Fig. 6.1  Sketch showing the annulus pin (blue) and points A, B and C through which a prolate epitrochoid 
is fit representing one half of the tooth profile, and mirrored w.r.t. the vertical axis (Image by the author) 
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Extended epitrochoids are known to be used for tooth profile generation of 
Cycloidal drives as given by Litvin [18] (see Fig. 6.2).  In Fig. 6.1, a prolate 
epitrochoid is fit to include points A, B and C to complete one half of the tooth 
profile which is then mirrored and patterned (in SolidWorks or CAD editor) around 
the central point of the disc, to obtain all teeth.  For this particular Cycloidal drive 
model, except the tooth details all other proportions were obtained by direct 
measurement of the actual Cycloidal drive components used for the experiments 
explained in Chapters 4 and 5.  Tooth details were modelled from first principles, 
explained as follows. 
 
Fig. 6.2 The 'extended epicycloid' (Image source [18]) 
The principle of tooth generation is explained using Fig. 6.2, wherein the circle 
with centre O1 is the base circle, which is fixed.  The circle with centre O2 is the 
rolling circle, which rolls on the outer periphery of the base circle on the outside.  A 
fixed point M in relation to the coordinate system of the rolling circle centre, located 
at a distance 'a' which is the distance O2M.  As the rolling circle rolls without 
slipping on the surface of the base circle, point M describes a prolate epitrochoid 
while point I describes a cusped epicycloid.  This indicates that for any value of a, an 
epitrochoid results which is an offset of the epicycloid traced by point I and belongs 
to the family of epitrochoids – depending on the length a. 
In this case, the ratio of diameters of the base and rolling circles must be the 
speed ratio which is 87.  The distance 'a' is the offset distance.  Hence an 
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independent variable a and two mutually dependent variables, viz., the diameters of 
the base and rolling circles are necessary to construct the prolate epitrochoid for the 
tooth form between points B and C in Fig. 6.1. 
In SolidWorks sketch, (Fig. 6.3), the annulus pin centre is at Q, which is fixed.  
The disc's tooth root circle touches the pin at its highest point as described before.  A 
point E is at a distance of twice the measured eccentricity of the bearing.  Let the 
distance between P and E, when both points are vertically inline, be the initial value 
of a – the length of line PM when it is vertical. 
 
Fig. 6.3 Finding locus of M with Base and the Rolling Circles (Image by the author) 
A line joining the annulus centre O and point P is used for controlled movement 
of P and hence the rolling circle, instead of using a pointing device (computer 
mouse) moved by hand to avoid any possible input errors.  Let  be the angle OP 
makes with the vertical fixed line OQ.  For very small increments of , the rolling 
circle turns clockwise moving the point M away from E. 
The locus of M will then be a prolate epitrochoid which has to fit within the 
space between point-E and tooth tip fillet radius – connecting tangentially to form a 
smooth contour.  To track the position of M relative to a stationary point – say Q, the 
pin centre, a line QM is drawn to track the coordinates of M relative to Q.  Since the 
length of QM is variable and depends on the position of M, the length l and qM the 
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angle of QM relative to the vertical QE is recorded for each increment in angle , 
which controls the position of the rolling circle relative to the centre point-O. 
A curve from the family of epitrochoids that passes through point-M can be 
applied by selecting an appropriate length of a.  Here, the ratio of base circle to that 
of the rolling circle is the reduction ratio (87, in this case), which is the total number 
of teeth on the disc.  The base and/or rolling circle diameters as well as the 
equidistant 'a' values were unknown initially.  Since both parameters are unknowns 
in the equation, they can be solved by trial and error. 
To generate an epitrochoid from the locus of M, a base circle radius should be 
selected to be within the top half (search area) of the pin diameter – shown shaded in 
Fig. 6.4.  The base circle radius within these limits should provide an optimal locus 
for M to generate the tooth profile.  For large base circles, the corresponding rolling 
circle is located high above the tooth profile requiring a larger equidistant.  This 
generates an epitrochoid, which is inappropriate for this application. 
 
Fig. 6.4 Search area for optimal base circle diameter (Image by the author) 
For small positional movement of the rolling circles, M travels a larger distance 
making the tooth profile broader and without touching the pin at the right places.  
Fig. 6.5 shows an example of a large base circle radius.  Point M is positioned to be 
coincident with E when centres of both rolling as well as base circles are vertically 
inline, with M directly below P.  Then the PM's length is the value for 'a', the 
equidistant.  The locus of M is shown coloured violet.  This profile does not serve 
the purpose as the curve does not join the tooth tip circle. 
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Fig 6.5 Wider epitrochoid is generated using a large base circle, which does not touch the pin in 
this case (Image by the author) 
The parameters have to be chosen such that the epitrochoid is fit between the 
tooth tip and its root.  Fig. 6.6 shows the spline connected in such a way with 
numerous closely spaced radial lines used as guides (shown in green).  Once a single 
full tooth profile is generated, it is then repeated by the number of teeth all around 
the circumference of the disc block to get the complete teeth set. 
 
Fig. 6.6 The generated tooth profile is repeated over the circumference to obtain the completed disc 
model; (Image by the author) 
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6.2 Another method of tooth profile generation 
The tooth profile as described in § 6.1 was complete before a new resource 
pertaining to the design method of cycloidal drives was available by Borislavov, et 
al., [11].  To validate the tooth profile generated earlier, this new method was also 
explored.  Until this point in time, no other resource has dealt with the generation of 
tooth profile for a cycloidal disc in as much detail as presented in [11].  Although the 
speed ratio used there was not as high as 87, the method of production of the curve 
was similar to the curve fitting technique described in § 6.1. 
The principle of tooth profile generation used in the new resource is by plotting 
the locus of an eccentric cutter that cuts the disc blank.  Fig. 6.7 shows a profile 
generating contour depicted by [11].  In the figure, the larger circle is the contour of 
a cutter with its centre of rotation at the centre of the smaller circle.  The difference 
in radii is the eccentricity.  The smaller circle is known as the module circle which is 
the rolling circle.  It rolls on the outer periphery of a base circle.  Since the cutter 
contour is attached to the rolling circle, the wobbling motion of the cutter generates 
the cycloidal profile for the tooth as it cuts through the blank.  Here, the centre of the 
cutter is fixed and the cutter is free to rotate eccentrically around the fixed centre.  
The disc is also rotated about its fixed centre with the speed ratio in the opposite 
direction as the cutter cuts a trochoidal cut in the disc.  Fig. 6.8 (a – d) shows 
modifications of this setup. 
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Fig. 6.7 Profile generating contour; (Image source – [11]) 
In Fig. 6.8 (a), if the centre of rotation of the cutter contour is slightly offset 
from its original position, then the locus of the cutter is a curve which belongs to the 
family of epitrochoids.  This is known as 'the extended epicycloid' as termed by some 
authors [11, 18]; while it is addressed as 'prolate epicycloid [20, 34] or epitrochoid' 
[56] by others. 
 
Fig. 6.8 Varying 'equidistant' results in different Cycloidal profiles, ( Image source – [11]); (a) prolate 
epicycloid; (b) normal epicycloid; (c) curtate epicycloid; (d) cutter locus is circular with no eccentricity 
While in Fig. 6.7, 'e' is the distance between the module circle and the profile 
generating circle, in Fig. 6.8 (a) the distance between the profile circle and the rolling 
circle is e0, which is less than e.  This generates an extended epicycloid.  If e0 is same 
as e, then a normal epicycloid is generated (Fig. 6.8-b).  On the other hand, if e0 > e, 
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then a 'curtate epicycloid' is generated – also known as 'shortened epicycloid'.  If no 
eccentricity is employed, then a normal circle is generated as the cutter locus (Fig. 
6.8 –d). 
6.3 Validation of geometries 
 
Fig. 6.9 Tooth profiles generated using methods given by [11]; (CAD image by the author) 
Using the method given in [11], the tooth geometry was generated in 3D CAD 
(see Fig. 6.9) and both profiles were compared for accuracy.  In Fig. 6.10, the rolling 
circle and its equidistant from the trial and error method were considered as a fixed 
cutter (the equidistant being the cutting edge).  The disc blank was rotated about its 
axis simultaneously spinning the rolling circle (cutter).  The result was a cutting 
action simulation shown in different phases of motion (in Fig. 6.10), similar to that 
shown in Fig. 6.9, where the method given by [11] is employed.  Both show that the 
model generated by either principle is the same. 
 
Fig. 6.10 Sequential CAD images prepared by the author to aid in visualising motion of line PM – 
used as a cutter to generate the epitrochoidal tooth profile between subsequent tooth tip fillets on the disc 
blank. 
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Fig. 6.11 Sequential CAD images prepared by the author to aid in visualising motion of an 
eccentric 'cutter' generating the complete epitrochoidal tooth profile on the disc blank 
The tips of teeth however, show a flat profile in Fig. 6.10, while in Fig. 6.11 
they are rounded, which is the result of the cutter locus, as it cuts the teeth on the 
gear blank.  The tooth profiles shown in Fig. 6.10 (generated from first principles by 
the author of this thesis), include the tip circles as is seen in Fig.6.1.  Manufacturers 
would probably produce the teeth geometry in gear blanks as shown in Fig. 6.11 and 
later grind off the tooth tips to form a rounded and smooth profile.  This clearance is 
provided only to avoid teeth clashing with pins as well as to ensure smooth working 
motion while running at any speed. 
6.4 Pitch Circles 
 
Fig. 6.12   Pitch Circles (Image by the author) 
Pitch circles are imaginary circles used in gear terminology.  In gear 
terminology, a Pinion's pitch circle touches that of a gear and rolls relatively without 
slipping to transfer uniform angular motion from one to the other.  Part of a tooth 
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projecting radially outside the pitch circle (shown red in Fig. 6.12) will be the 
addendum and the part inside the circle – the dedendum as explained earlier in § 2.1.  
For the Cycloidal drive and any KHV type gearing system involving an internal gear 
(annulus), the pitch circle radius does not coincide with the midline between the 
addendum and the dedendum.  Fig. 6.12 shows typical pitch circles of a cycloidal 
drive.  Let    be the pitch circle diameter of the annulus and    be that of the planet 
(Cycloidal disc).  The difference between their centres is length  , the eccentricity. 
For the Cycloidal drive used in this research, the following relationships are 
valid: 
  
  
   
  
  
                                                                     
    
    
    
                                                                
The eccentricity   can be calculated using known values of    and   . 
The tangential force due to pin tooth contact is directed tangentially toward the 
pitch circles at the pitch point.  This is the component of torque generating force.  
SolidWorks 2012 also supports 3D rigid body dynamic analysis in its Motion 
Simulation environment.  To verify the pitch circle diameters, a motion study 
involving rigid multi-body dynamic force analysis was conducted as detailed in the 
next section. 
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6.5 Rigid 3D multi-body dynamic simulations 
 
Fig. 6.13 Cycloidal Disc with teeth generated by cutter locus shows the contact forces tangent to 
pitch circles; (3D CAD model image by the author) 
A rigid body simulation of the simplified CAD assembly model (eccentric 
bearing is represented as a simple circular cam and the pins of the ring gear are fused 
with the rim for model simplicity) is shown in Fig. 6.13.  The force vectors point 
tangentially to the circumference of the imaginary pitch point of both pitch circles. 
6.6 Static Structural FE Analysis 
A detailed description of the Cycloidal disc model preparation in SolidWorks 
was presented in the previous sections.  The following sections describe the Finite 
Element model using ANSYS Workbench software code (version 14.5, ANSYS Inc. 
USA), for static structural FE simulations mimicking the loading conditions of static 
experiments described in Chapter 4. 
6.6.1  Static Structural Analysis in 2D 
A 2D structural analysis is restricted to plane geometry and computes faster than 
3D analyses, depending on model complexity and mesh sizing.  Since FEA is an 
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iterative study, it is necessary to start from the solution of a simple model and 
improving it to reflect the real model as closely as possible – depending on the need 
for the accuracy of results sought.  It is general practice to first check the validity of 
the solution using a simplified model, before running an actual study mainly to 
conserve computing power, resource and time. 
 
Fig. 6.14   Surface geometry for 2D FEA set-up to determine the overall torsional stiffness of the drive-
train; (Image by the author) 
The simplified model of the Cycloidal drive has mainly 4 sets of components for 
torque transfer namely – the input member, the stationary annulus with pins, the 
Cycloidal disc(s) and the output member.  For model simplicity, a simplified single 
eccentric disc-cam, the pins of the annulus (44 in number), a single Cycloidal disc, 
and 8 output shaft rollers (bushings) were considered as shown in Fig. 6.14. 
A preliminary static structural simulation was performed to study the torsional 
stiffness of the drive-train subjected to static loads up to the nominal torque (TN).  As 
computed earlier, the input torque of the drive under nominal conditions 
recommended by the manufacturer was found to be 7.2575 Nm.  If this torque is 
applied to the input cam at the pin-centre point (i.e., the origin), with the pins and the 
output shaft rollers fixed in space, then the disc, which is in constant mesh with the 
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stationary pins, is carried by the cam to perform the compound motion.  The tooth 
mesh and the disc-roller interface experience contact deformation due to the applied 
torque.  A moment reaction of the group of rollers or the output shaft, calculated at 
the origin (which is also the centroid of the roller collection), can be considered to be 
the static output torque of the system.  Proper boundary conditions and a mesh for all 
components are applied and the simulation is solved in ANSYS.  At post processing, 
specific results such as equivalent stress, total deformation etc, can be computed and 
stored as results. 
The results of the 2D simulation yielded incorrect moment reactions (too low), 
of the fixed output member.  The expected moment reaction must be close to the 
input torque multiplied by the gear ratio. 
The contact between the cam and disc bore is a revolute joint.  If a 'No 
separation' contact is used, then contact non-linearities are not considered between 
the fixed pins and the teeth/oversized holes of the disc, because this contact 
formulation assumes small displacement theory for sliding motion [114].  This static 
structural simulation involves moment loads and the only available contact type 
between the two surfaces is either ‘bonded’ or ‘no separation’.  Since a bonded 
connection completely constrains the disc to the cam, it is kinematically 
inappropriate – because the compound motion of the disc is not permitted, which is 
the principal mechanism of speed reduction in Cycloidal drives.  Contact at the disc-
cam interface should include non-linearities in the simulation, which is not possible 
using ‘no separation’ contact because it is a linear contact formulation.  To solve this 
problem, contact non-linearities have to be included in the simulation and it is better 
valued if a 3D simulation was performed.  In 2D analyses, the out-of –plane 
deformations are not included, which only deviates the simulation results from the 
actual.  Spur gear pair can be considered as surface models and quick 2D FE 
simulations can be performed to estimate contact stresses and deformations, because 
the gears' centres of rotations can be fixed in space, which is not so in the case of the 
Cycloidal disc.  Its centre of rotation also has to orbit the drive-line axis. 
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6.6.2  Static Structural Simulation in 3D 
Thube, S.V., and T. R. Bobak in [73], have used a three dimensional Finite 
Element Analysis (FEA) to study the load distribution and dynamic contact analysis 
of a low reduction ratio cycloidal reducer (15:1).  Their geometric model involves 
the stationary annulus rollers (in their design, small rollers are used around fixed pins 
of the annulus), the output rollers, a single cycloidal gear and a simplified input cam.  
Other parts such as the output shaft pins or the flange have been eliminated from 
their study. 
Their study mainly focuses on the interaction between the rollers of the annulus 
and the cycloidal gear at different input speeds and loading conditions.  They have 
used a transient computational analysis involving time dependent loads in their 
study.  They conclude that impact loads contribute to the noise and lower efficiency 
of the drive.  Their comparison between the results of FEA derived contact stresses 
and those from the theory, are in good agreement at nominal torque as well as at 
500% shock equivalent static load [5].  They have also showed that the drive 
components can withstand up to 5 times the nominal operating torque from their 
simulation results. 
6.6.3  Static study using a coarse mesh model 
Mainly contact forces are evident in the drive train at tooth-pin interfaces.  
However, the output pins act as cantilevers mounted on the flange which endure 
bending, shear as well as contact deformations.  A static structural study of the model 
which includes the output shaft flange and its pins was carried out in ANSYS with a 
simple coarse mesh model for quick analyses in short processing durations.  The 
geometry was simplified involving only 4 components.  The pins and the annulus 
were combined together to form a composite part as shown in Fig. 6.15.  Also the 
thickness and the outside diameter of the annulus were reduced to minimise the 
number of mesh elements. 
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Fig. 6.15   Simplified geometric model used in the static structural study; (CAD Image by the author) 
Face chamfers of the Cycloidal disc were removed for enhanced FE mesh 
quality.  The output rollers were fused to the pins of the output shaft flange and the 
shaft was removed, retaining only the flange and pin stubs with rollers attached at 
their ends (see Fig. 6.15).  Large fillets were provided at the base of the output pins 
where they connect to the flange.  Although this is less identical to true geometry, 
this measure was taken to minimise chances of anomaly that arise due to stress 
singularities among the mesh elements in a finite element solution.  Any clearances 
provided by the manufacturer, which exist in the actual model, were eliminated for 
the FE study. 
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Fig. 6.16   Coarse mesh model; (Image by the author) 
A reasonably good quality mesh comprising solid hexahedral elements was 
prepared with 65,033 nodes and 19,784 elements as shown in Fig. 6.16.  The Output 
shaft and the Annulus were fixed and an angular displacement was given as input to 
the central cam.  Instead of an applied moment, an angular displacement was given 
as the input to include contact nonlinearities as explained before. 
The central hole in the input cam and the front face of the cycloidal gear are 
provided with frictionless supports.  A 'Rough' contact (contacting elements can be 
separated normally but sliding on the contact surfaces is not permitted [114]) –  was 
established between one half of the annulus pins and the cycloidal teeth which mesh 
with them.  Frictional contacts (coefficient of friction being 0.05) [115, 116] were 
established between the fused rollers of the output shaft stubs and the oversized holes 
of the cycloidal gear as well as at the interface between the cam and cycloidal gear.  
An angular input of 2.8° was applied to the cam's central hole (at the frictionless 
support) in the FE model.  The resulting static structural FEA was solved for 
equivalent stresses and output torque reaction.  Equivalent stress plot is shown in 
Fig.6.17. 
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Fig. 6.17   Equivalent Stress plot of the FE solution; (Image by the author) 
In Fig. 6.17, the eccentric's angular position is shown slightly exaggerated, 
which is a useful feature of FE packages, which aids the user to determine the 
displacement direction, when movement is too small to detect by eye.  Also 
animations can be saved at a suitable frame rate.  It can be seen that three of the 
annulus pins bear the applied load.  Moment reaction of the output member due to 
the input angle was found to be 112.98 Nm.  A 2.8° turn would be equivalent to an 
input torque of 1.15758 Nm.  As mentioned earlier, the output moment reaction, 
assuming no losses would be 100.70946 Nm (87×1.15758).  The result obtained by 
ANSYS was 112.98 Nm, which is close to the ideal.  This indicates that the model 
and the simulation are valid.  With finer mesh sizes, it can be deduced that a closer 
correlation can be achieved. 
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6.6.4  Static study using a fine mesh model 
With promising results from the coarse mesh model simulations, a fine mesh 
model was tried with the following pre-processing information. 
 
Fig. 6.18   Fine mesh model; (Image by the author) 
Connections were the same as used for the coarse mesh model, except a 
frictionless contact was tried for cam-disc interface.  A 'Fine' quadrilateral swept 
mesh was prepared with 25% global 'Relevance' for the model, and a 'face sizing' of 
1 mm was applied to the contact surfaces of the oversized holes in the disc along 
with 'mapped face' to get uniform regular quadrilateral mesh.  The resultant mesh had 
958,773 nodes in 249,795 elements altogether (see Fig. 6.18). 
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Fig. 6.19  Rough contacts between the left half of the annulus pins and their corresponding teeth on disc; 
(Image by the author) 
Rough contact was applied to half of the pins of the annulus and half of the teeth 
of the disc in the direction of cam rotation as shown in Fig. 6.19.  This permits teeth 
to turn on the pins without sliding.  For an input angle of 2.8°, an output torque of 
96.5744 Nm was recorded in ANSYS.  In another trial, for an input angle of 2.6°, 
100.9 Nm was noted, which indicates that the level of mesh detail is of sufficient 
quality. 
6.7 Results 
Static stiffness experiments (Chapter 4) showed linear response of the drive train to 
incremental loading.  While in operation, a serious surge in loading is more 
important from the design point of view because damage occurring to the 
components during a short period of time due to the load spike must be avoided.  
This is achieved by rating the performance of the drive train to sustain a peak load 
limit using experimental data. 
Numerical Study 
174 | P a g e  
 
6.7.1 Coarse mesh model validation 
Stiffness results of the coarse mesh FE model also showed linear trend in the 
low torque range, similar to the experiment.  In the experiment, weights added to the 
hanger induced a torque on the drive train input shaft and the angular turn of the 
shaft was measured by the attached protractor.  But in reality a motor applies torque 
and the shaft turns by an angle.  Table 6.1 shows the linearised torque (column 3) 
against the  – the protractor reading of the turn of the input shaft (in column 2).  
The torque is linearised using the slope of the fit straight line from Fig. 4.6 (b).  
Linearised torque values are listed in column 3 of Table 6.1. 
Table 6.1 Comparison of Hysteresis experiment and FE coarse mesh model 
simulations 
i = 87 Experiment ANSYS (Coarse Mesh Model) 
1 2 3 4 5 6 7 
Angle 
[°] 
°Loading 
T 
[Nm] 
Tout = i × 
T [Nm] 
Toutput 
[Nm] 
Difference 
[%] 
Tinput = (1/i) × 
(Toutput) [Nm] 
0 28.0 0 0 0 0 0 
2.8 30.8 1.158 100.7 112.98 12.18 1.2986 
5.6 33.6 2.315 201.4 181.76 -9.76 2.0892 
8.4 36.4 3.473 302.1 255.00 -15.60 2.9310 
11.2 39.2 4.63 402.8 387.90 -3.71 4.4586 
14.0 42.0 5.788 503.5 305.84 -39.26 3.5154 
16.8 44.8 6.945 604.3 709.96 17.49 8.1605 
In Table 6.1, column 1 is the difference angle increment (eg; 30.8 – 28 = 2.8), 
which was applied as a remote angular displacement to the input cam in ANSYS 
simulations as explained earlier.  A series of trials with the angles shown in column 1 
were tried with the coarse mesh model.  Column 4 in Table 6.1 is Tout which is 87 
times the torque applied in column 3 from the experiment.  Without considering 
losses, the output torque can be expected to be the gear ratio times the input torque, 
since this is a torque multiplier and a speed reducer.  In ANSYS, the output torque is 
evaluated by including a 'moment reaction' result for calculation.  Column 5 shows 
the results obtained from the coarse mesh model simulations.  Column 6 shows the 
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difference as a percentage and in the last column, an estimate of the input torque is 
listed by dividing the ANSYS Toutput (in column 5) by 87, which can be compared 
with T values of column 3. 
 
Fig.6.20 Comparison of output torques of experiment and results from ANSYS Coarse mesh model study 
It is inferred from Fig. 6.20 that ANSYS also shows a linear trend, but 
inaccurately.  This could be due to the coarse mesh used for computation.  As 
mentioned earlier, a fine mesh is required to compute contact stress and deformation. 
6.7.2 Fine mesh model validation 
In a similar study using a fine mesh model, the linear trend was clearer as shown 
in Fig. 6.21.  The figure shows a plot with angle of twist against the output torque 
computed by ANSYS as output moment reaction.  Due to the fine mesh, computation 
times are relatively long; hence the results of only 4 simulations are shown.  Here, 
the linear trend with relatively better accuracy is seen (R
2
 = 0.9799 is a very good 
fit).  Table 6.2 is populated with values using this equation of the trend line. 
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Fig.6.21 Comparison of output torques of experiment and results from ANSYS Fine mesh model study 
So far, an experiment was compared with numerical simulation in ANSYS.  
Since the angle of turn due to the applied torque on the input shaft is already known, 
recreating in ANSYS would be systematic.  But if the actual Cycloidal drive 
characteristics data is unknown for a particular design, then ANSYS simulations do 
not have anything to compare for validation.  Even if a linear trend was found in 
numerical results, then up to what limit does it hold in the safe zone, for that 
particular model of interest – would be hardly possible to establish. 
Alternatively if small arbitrary angles are used as input for such an FE model, 
the resultant output torque values can give a trend for the overall torsional stiffness 
of the drive.  In another simulation performed on the fine mesh model, arbitrary input 
angles of 3°, 6° and 9° were applied at the eccentric's centre.  The simulation was 
solved and values of torque calculated at the output end were plotted against the 
input angles.  The equation of good straight line fit was then extrapolated up to an 
input angle of 34° as shown in Table 6.2. 
In Table 6.2, column 5 shows extrapolated values fit with the equation of the 
trend line of Fig. 6.21.  Column 6 has difference (in percentage) between the output 
torques calculated from the experiment and from the ANSYS simulation using a 
linear trend equation.  By dividing the values of the output torque from ANSYS 
Toutput = 30.898 - 855.09 
R² = 0.9799 
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simulation with the reduction ratio 87, the input torque is calculated.  Fig. 6.22 shows 
the comparison between the input torques obtained from the experiment and 
calculated values from Table 6.2. 
Table 6.2 Results Comparison of Hysteresis Experiment with estimated 
output torque values of fine mesh model FE simulations 
i = 87 Experiment ANSYS (Fine Mesh Model) 
1 2 3 4 5 6 7 8 9 
Angle 
[°] 
°Loading 
T 
[Nm] 
Tout 
[Nm] 
Expected 
Toutput = 
87×T 
[Nm] 
Diff. 
[%] 
Tinput = (1/i) 
*(Toutput) 
[Nm] 
1.15*
Tinput 
Error 
0 28.0 0 0 0 0 0 0 0 
2.8 30.8 1.158 100.70 96.57 -4.11 1.11005 1.28 -0.12 
5.6 33.6 2.315 201.40 183.09 -9.10 2.10447 2.42 -0.10 
8.4 36.4 3.473 302.10 269.60 -10.77 3.09889 3.56 -0.09 
11.2 39.2 4.63 402.80 356.12 -11.60 4.09331 4.71 -0.08 
14.0 42.0 5.788 503.50 442.63 -12.10 5.08772 5.85 -0.06 
16.8 44.8 6.945 604.30 529.15 -12.43 6.08214 6.99 -0.05 
19.6 47.6 8.103 704.97 615.66 -12.67 7.07656 8.14 -0.03 
22.4 50.4 9.261 805.68 702.18 -12.85 8.07098 9.28 -0.02 
25.2 53.2 10.42 906.39 788.69 -12.99 9.06540 10.43 -0.01 
28.0 56.0 11.58 1007.09 875.20 -13.10 10.05982 11.57 0.01 
30.8 58.8 12.73 1107.80 961.72 -13.19 11.05423 12.71 0.02 
34.0 62.0 14.06 1222.90 1060.59 -13.27 12.19071 14.02 0.04 
It was found that the input torque induced by the applied weights in the 
experiment, was 15% greater than those estimated using ANSYS simulation.  It can 
be seen in Fig. 6.22, that to match the input torque from the experiment, estimated 
input torque using ANSYS simulation results had to be multiplied by 1.15 which is 
populated in 8
th
 column of Table 6.2 and the difference error in the 9
th
.  It should be 
noted that the input angle used for estimates in Table 6.2 is only up to 34°; however 
in the experiment the linear trend was found up to about 52° of input shaft turn. 
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Fig.6.22 Comparison of output torques from experiment and (1.15 × calculated input torque from 
ANSYS) 
From this research, it was found that there is a linear trend in the torque to twist 
angle relationship, from which the overall torsional stiffness of the drive can be 
evaluated. 
6.7.3 Bending of output shaft pins 
Lost motion in the drive train is due to the clearances among the component 
connections.  28° of lost motion was measured in both clockwise as well as counter 
clockwise directions, with the output shaft locked.  Any further angular input greater 
than 28° would elastically deform the components of the drive train from input to the 
output end.  In ANSYS, the 4 components, as shown in Fig. 6.15 were individually 
examined for equivalent stress, total deformation and moment reactions.  Bending 
deformations were evident only in the active output shaft pins (see Fig. 6.23).  The 
other pins did not show any bending, because they would receive power from the 
second disc.  Since this model has only one disc, only half of the total 8 pins show 
bending deformations. 
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Fig.6.23 Exaggerated bending deformation of active pins of the output shaft flange; (Image by the author) 
Fig. 6.23 shows exaggerated bending at a higher scale of deformation to clearly 
show the direction of bend.  Four of the eight pins show considerable deformation, 
while the fifth one only little.  The amount of bend in the pins is not constant and 
changes with the position of the cycloidal disc as it travels around the inner periphery 
of the annulus.  It implies that torque transferred and hence the force per pin at any 
instant of time is not constant both in magnitude and direction throughout one 
complete disc rotation and the deformation of any given pin is not similar to the pin 
immediately next to it in sequence. 
This makes it complicated to get a fair estimate of the forces acting on the pins 
that cause the output torque – because the peak force is disc position oriented. 
From the pin dimensions it was confirmed that this cantilevered pin on the 
flange is a deep beam (length is less than 8 times the width [117]).  Thus the standard 
beam bending theory is invalid in this case – making it even more challenging to 
establish the bending behaviour of output pins (deep beams) analytically.  The 
classical equation of bending stress of a beam [117] (cantilevered or simple) is given 
by,  
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where          is the bending stress (in MPa),   is the second area moment of 
the cross section area of the beam (m
4
),   is the distance (m) from the extreme fibre 
pulled in tension to the centroidal axis.    is the applied moment in (Nm).  The 
fraction in the denominator is also known as the section modulus of the cross section 
geometry.  The bending equation shown above is valid only for models which 
comply the following criteria (Source: Roark's formulas for stress and strain [117]): 
1. The beam is of homogeneous material that has the same modulus of 
elasticity in tension and compression. 
2. The beam is straight or nearly so; if slightly curved the curvature is in 
the plane of bending and the radius of curvature is at least 10 times the 
depth. 
3. The cross section is uniform. 
4. The beam has at least one longitudinal plane of symmetry. 
5. The beam is long in proportion to its width, the span/depth ratio being 8 
or more for metal beams of compact section, 15 or more for beams with 
relatively thin webs, and 24 or more for rectangular timber beams. 
6. The beam is not disproportionately wide. 
7. The maximum stress does not exceed the proportional limit. 
The fifth criterion listed above clearly states that the span to depth ratio of the 
beam must not be less than 8 for metallic beams for the bending equation to be 
applicable for simple bending deformation of beams. 
The pins on the output shaft flange have a span to depth ratio of 1.857 (26 
mm÷14 mm).  With the roller on, it is 1.3 (26 mm÷20 mm).  Since this is much 
lower than 8, the standard bending theory and hence the bending equation (6.3) given 
afore is invalid. 
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The equation for elastic deflection due to transverse shear (neglecting bending), 
of a cantilevered deep beam with end load given by [117] is, 
      
  
  
                                                                   
where   for solid circular cross section = 10/9; 
  is the end load on the cantilever; 
  is the length of the beam 
  is the cross section area; 
  is the modulus of rigidity of the material of the beam since shear deformation 
is not negligible for deep beams. 
As [117] explains, the standard bending stress equation is valid up to a 
span/depth ratio of 3.  For smaller ratios, [117] refers to other sources which resort to 
numerical methods for bending behaviour of short beams.  This is explained in the 
next chapter. 
In the torsional stiffness simulation result of the fine mesh model explained 
before, non-uniform pin deflections were seen (as is shown in Fig. 6.23), each in 
different directions rather than tangential to the direction of motion of the output 
shaft.  In Fig. 6.24, the top most pin shows vertical deflection, while the others vary 
in direction and magnitude.  This is due to the locus of the oversized hole in the 
Cycloidal disc that transfers motion to the output pins.  The red arrow pointing out of 
the plane of this page is the output moment reaction vector computed by ANSYS. 
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Fig. 6.24 Non-uniform pin deflections (Front view of the simplified geometric model of the Output shaft 
with fused pins; ANSYS Image by the author) 
 
Fig. 6.25 Locus of the centre of output hole on the cycloidal disc is also a prolate epicycloid; (Images by the 
author) 
Fig. 6.25 shows the locus of the centre point of one output hole of the cycloidal 
disc, plotted in SolidWorks Motion Study – as it undergoes both rolling and 
traversing (compound) motions.  The profile of the locus is also a prolate epicycloid. 
With a little imagination, it becomes clear that output pin deflections that are not 
tangential to the pitch circle occur at the loops, while torque transferring translation 
motion is in the wider portion of the curve for one full compound motion of the disc - 
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as shown coloured red in the inset (top left corner) of Fig. 6.25.  This is evident in 
Fig. 6.23, where the pin showing most deflection is not bent tangential to the pin 
pitch circle (viz. tangential to the direction of motion of the output shaft). 
The torque transmitted to the output shaft (slow speed shaft) of the transmission 
will be uniform as it is in good agreement with the fundamental law of gearing.  But 
this is performed by the pins on the flange of the output shaft.  The pins as described 
before, are short (or deep) cantilevered beams provided with bushings (output 
rollers).  The locus of the holes (see Fig. 6.25) on the Cycloidal disc indicate that in 
order to transmit torque to the output shaft, the pins mutually share the overall torque 
unevenly and their load distribution varies periodically as it is based on the relative 
positions of the pins at any given time when the speed is continuously being reduced 
by tooth-pin mesh between the Cycloidal disc and the pins of the Annulus. 
 
Fig. 6.26   Uneven torque distribution on the output pins; (a) Partial front view of the Cycloidal drive 
assembly; (b) Enlarged view of the output pin roller within the hole of the Cycloidal disc; (c) Further 
enlarged view of torque transmitting part of the locus of the output hole of the Cycloidal disc; (Images by 
the author) 
Through detailed study of the process of torque transfer by the Cycloidal disc to 
the output pin (on the flange of the output shaft) via the roller (bushing), it was 
observed that the narrow part of the epitrochoid (loop), as seen in Fig. 6.25 is 
directed radially outward as it loops and changes direction.  This upward orientation 
of the curve has a small slope and hence a very small tangential motion.  The output 
pin receives a push (through contact) from the hole of the Cycloidal disc in which it 
is situated.  As the hole moves radially downwards to get to the torque transmitting 
zone (shown in green in Fig. 6.26), little force is directed tangentially.  To comply 
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with this, the manufacturer has provided a small clearance between the roller and the 
output pin (which is also for easy assembly of components). 
A major part of the torque is transmitted through the pin and bushing when the 
hole-centre of the Cycloidal disc moves along the green wider portion of the locus 
(see Fig. 6.26 c).  Thus, torque transmission by each pin-roller assembly can be 
visualised to have a start and end position and is dependent on the position of the 
Cycloidal disc within the inner periphery of the Annulus.  The disc's position is 
dependent on the tooth-pin mesh zone, which also moves in a circular manner, as 
only a few teeth will be in mesh under normal operation.  At heavy loads (torques), 
more teeth come into mesh – thus sharing the extra load.  Hence it can be understood 
that some output pins participate in torque transmission based on the location of the 
teeth meshing zone. 
To study the relationship between the overall torque transmission zone of the 
output pins and the tooth meshing zone, the following steps were performed on the 
geometry of the assembly in SolidWorks sketch (2D) environment. 
 
Fig. 6.27 Study of the positional relationship between tooth mesh zone and the output torque transmission 
zone of the rollers and pins (H1-H4 are indexed holes on the Cycloidal disc; Images by the author) 
1. A single full contact tooth pin mesh position was assumed at Pin 0 (top 
most Annulus pin – refer Fig. 6.27).  Holes on the left hand side of the 
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Cycloidal disc push the pin-roller pairs (not shown for clarity) to 
transmit torque to the output shaft when the Cycloidal disc travels 
clockwise (input shaft turns clockwise) while spinning counter-
clockwise about its own axis. 
2. In order to have a full tooth mesh at Pin 0, the eccentric portion of the 
bearing must be pointing towards Pin 0 (upwards).  With this position set 
as reference, for every increment in the angle of turn in steps of the pin-
pitch (Pin 0 to Pin 1, Pin 1 to Pin 2 etc), the disc is moved to a different 
location and simultaneously turned about its own axis 87 times smaller 
than the input angle (compound motion).  For each successive pin mesh 
position in the clockwise direction, the loci of the four holes H1-H4 are 
plotted. 
3. The individual centre dots were joined by a spline for each hole as is 
shown in Fig. 6.26 (c). 
4. Any part of the spline within the Pitch circle of the output pins pushes 
the pin-roller pair tangentially – thus producing output torque.  Other 
parts of each locus produce much less torque depending on the slope.  
Since they are negligible and located outside the pitch circle of the 
output pins, the effect of the contact force due to the motion of the hole 
is used up by the clearances and small elastic deformations where 
applicable. 
5. The pin-mesh position, when it was moved clockwise from Pin 0 (as in 
Fig. 6.27) to Pin 1 and so on, brings the centre of hole-positions towards 
the torque transmitting part of the locus.  In Fig. 6.28 (a), the locus of 
hole – H1 is shown, when the tooth-pin mesh zone moved clockwise.  
The position of the tooth mesh zone was noted when the centre of H1 
just entered or was touching the pin pitch circle.  This is the start point of 
torque transmission of the output pin-roller pair at H1.  Similarly, the 
tooth mesh position for the end of torque transmission zone was also 
noted. 
6. It was observed that when the tooth mesh position was initially at Pin 0, 
the output pin at H4 was already in the torque transmitting zone, but the 
pin at H1 had not reached that stage yet.  Fig. 6.28 (a) shows the angle 
the tooth mesh zone has to cover (moving in clockwise direction away 
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from Pin 0) in order to make the pin at H1 active.  Once the tooth-mesh 
zone enters the shaded area shown in Fig. 6.28 (a), the pin at H1 begins 
to transmit torque.  Similar maps for the other pins on the left half of the 
disc (shown in Fig. 6.28-b) were constructed with their shaded areas of 
different colours super imposed on each other to study the pattern of the 
load shared by the pins with respect to the tooth mesh zone angle of the 
disc. 
 
Fig. 6.28 (a)  The angle the tooth mesh zone has to cover before the output pin at hole H1 begins to 
transmit torque; (Image by the author)  
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Fig. 6.28 (b)  Individual maps of tooth mesh zone positions for holes H1 –H4, when each one is active 
in torque transmission; (Image by the author) 
 
 
Fig. 6.28 (c) Map showing the number of output pins transmitting torque actively at various mesh 
zone –positions; (Image by the author) 
 
7. A map of all the four holes on the left half of the Cycloidal disc is shown 
in Fig. 6.28 (c).  Similar to Fig. 6.28 (b), shaded portions showing the 
active regions of all pins from H1 to H4 are shown simultaneously and in 
position with different colours overlapping each other.  Overlapped 
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portions indicate that more than one output pin is actively transmitting 
torque.  Adding a pin in each overlapped area shows the number of 
active pins at various meshing positions of the cycloidal teeth (tooth 
mesh zone position).  It is seen that when the mesh zone reaches the 90° 
position, all pins are active and as the mesh zone advances, each pin 
stops sharing the load successively. 
 
Fig. 6.29   Complete map of number of active pins at various mesh angle positions of the Cycloidal disc by 
combining the two halves (left and right;  Images by the author) 
 
8. Fig. 6.28 (c) is the map for only the left half of the pins when the mesh 
zone advances from 0° to 180°.  Somewhere between 0° to 360° of mesh 
zone rotation, the right half of the pins become active one by one similar 
to the ones described afore.  Hence, if a copy of the map shown in Fig. 
6.28 (c) is inverted (drawn upside down) and superimposed on itself and 
the number of pins per sector are added then a complete map of the 
active pins for the Cycloidal disc is as shown in Fig. 6.29. 
9. Due to two discs, twice the number of active pins shown in Fig. 6.29 will 
be active at sectors of various mesh zone positions – see Fig. 6.30. 
Numerical Study 
189 | P a g e  
 
 
Fig. 6.30   A map of total number of active pins per Cycloidal drive at various mesh angle positions due to 
two Cycloidal discs; (Image by the author) 
As is seen in Fig. 6.30, the number of active output pins is not uniform at any 
given positions of the Cycloidal discs.  At places only 6 or a minimal 4 pins are 
active out of the total 8 pins provided.  This result in slightly pulsating torque output 
and some expected vibrations when the output pins are flexing in radial directions 
and not transmitting torque (or inactive).  Lorenz Braren also mentions in his patent 
[20] that for higher output torques, the number of holes in the Cycloidal disc as well 
as the number of output pins have to be the same as the number of Cycloidal tooth 
profiles on the disc.  It may be valid for smaller gear ratios, but for high transmission 
ratio such as in this case (of 87:1), 87 holes and pins cannot be incorporated in the 
disc's design as it is structurally not possible for the given size. 
To estimate the average torque transmitted per pin, the manufacturer's rated 
output torque is divided by the number of pins (which is 8) and multiplied by the 
ratio of the average number of active pins from Fig. 6.30 to the total number of pins 
as in 
  
    
  
   
    
    
   
                                                 
where   
  is the average output torque due to active pins; 
   is the manufacturer's rated output torque of the Cycloidal drive; 
    is the total number of output pins; and 
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  is the number of active pins as per Fig. 6.30 – average of all numbers in the 
map (is 6.75).  The ratio  
    
   
  amounts to 0.84375 (84.375%) which is the output 
pins' transmission efficiency – termed as    .     was taken from the manufacturer's 
rating labelled on the Cycloidal drive as 585 Nm.  Using these values,   
  evaluates 
to be 61.6992 Nm per output pin.  The radius of the output pins' pitch circle from the 
central axis in this case is 56×10
-3
 m.  Dividing   
  by this pitch radius, results in a 
tangential force of 1101.7718 N.  This force could be used to compute the torsional 
compliance due to the bending of the output pins which is detailed in the next 
Chapter. 
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6.8 Error Analysis 
Errors due to measurement, truncation and rounding off, as well as human errors 
are inevitable in such an exercise no matter how carefully it is done.  However, the 
dimensions-measuring instruments used at QUT were of acceptable high quality 
complying industry standards with at least 3 digit decimal accuracies in each case.  
Care was taken to accurately measure the geometric dimensions of each component.  
In SolidWorks, the measurement application's accuracy was set to 'high' and 
precision was set to 8 decimals in all cases.  Approximations, assumptions 
truncations and rounding off errors explained in this chapter's sections were all based 
on this set up throughout the model generation process.  The clearances between pins 
of the annulus and their slots were ignored by considering the pins to be concentric to 
the arcs of their slots. 
6.9 Chapter Summary 
The need for a 3D CAD model of the drive train assembly of the Cycloidal drive 
was highlighted in the previous chapter.  This chapter explains the processes and 
steps taken to create the components of interest, especially the Cycloidal Disc with 
87 tooth profiles radially equispaced around the central bore. 
In § 6.1, an epitrochoid was fit between the tooth root and the successive tooth 
tip-fillet, such that an intermediate portion of the epitrochoid touches the pin of the 
annulus with which it meshes for torque transmission.  The epitrochoid must be such 
that it is generated by a point attached to a rolling circle which rolls without slipping 
on a larger fixed base circle.  The proportion and dimensions of these two circles and 
the length of the line attached to the rolling circle's centre point, whose free end 
describes the epitrochoid are critical for accurate modelling.  With two unknowns in 
the equation, 'trial and error' method had to be used with an initial guess.  A new 
literature source was found after the CAD model of the disc was completed.  In – § 
6.2 the methods used by the authors [11] was used to create another model of the disc 
for comparison.  Both models were then compared with the actual cycloidal disc for 
proportion and size.  It was established that both techniques are valid and can be used 
to generate CAD models of Cycloidal discs of the type described in this Chapter.  
However, in the method adopted from [11] – tooth tips have to shortened to avoid tip 
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contact with pins on inactive teeth, which would belong to the tooth optimisation 
phase of the design. 
The model prepared thus was used to perform a static FE study to determine the 
overall torsional stiffness of the main-components of the drive train assembly.  It was 
confirmed that a 2D static analysis was not appropriate to study this scenario.  Model 
simplicity is vital, but over simplifying might not provide accurate results.  The 
output shaft pins and flange have to be included for simulation of models of this type 
as they also exhibit elastic deformation that contributes to the torsional stiffness 
behaviour of the drive train.  A reasonably fine mesh for this analysis has proved to 
be valid and sufficient for further analyses.  The results of the hysteresis experiments 
described in Chapter 4 have been compared with those of the computational results 
from ANSYS clearly depicting a linear trend for the overall torsional stiffness of the 
drive train is dominant until about 2.5 times the applied nominal input shaft torque 
(      ).  It was deduced that this was due to the bending deformations of the 
cantilevered pins on the output shaft flange.  Since the pins have short span to depth 
ratio, the standard beam bending theory is not applicable. 
The locus of the centre point of an oversized hole on the cycloidal disc (which 
drives a pin) is also a prolate epicycloid.  Torque is transmitted when the centre of 
the oversized hole is away from the looped ends of the locus.  Since each hole on the 
disc is equispaced around the centre, at any given instance, depending on the 
meshing position of the teeth and pins of the annulus, only those pin-hole 
combinations whose centres are on the wide arc of the prolate epicycloidal locus 
transmit torque to the output shaft.  The other pins provide support by deforming 
radially momentarily during disc rotation.  It was demonstrated that each output pin 
will transmit torque only when it is driven by the hole of the Cycloidal disc in the 
torque transmitting zone (the centre of the Cycloidal disc's hole must be on the wider 
part of the arc of the epitrochoidal locus and not in the loop).  The uneven load 
sharing of the output pins was demonstrated as a function of the tooth mesh angle.  
For a small tooth-mesh-zone angle, all the pins would be active in torque 
transmission and the zone of load sharing among the output pins also moves with the 
tooth-mesh-zone.  With both discs operating in the drive, a map of load distribution 
was prepared which showed that of the 8 output pins, only 6.75 of them on an 
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average transmit torque at all tooth mesh zone angles due to both Cycloidal discs.  
This implies an overall output efficiency of 84.375%.  Some energy is lost in 
transmitting torque to the output shaft due to the bending deformations of the output 
pins in radial directions that are not along the tangent to the direction of rotation of 
the output shaft.  The linear trend in pin-bending deformation makes it simpler to 
calculate the bending compliance which contributes to the overall torsional 
compliance.  This is explained in the next chapter. 
 
 194 | P a g e  
 
  
Phenomenological model 
195 | P a g e  
 
7. Phenomenological model 
The previous Chapter elaborated on experiments performed on the test-rig to assess 
the dynamic characteristics of the Cycloidal drive.  This chapter presents a 
preliminary phenomenological dynamic model (based on the existing Cycloidal 
drive) and discusses methods of solving the model's equations. 
To prepare the multi-mass phenomenological dynamic model, the mass 
moments of inertia, stiffness and damping coefficients of the components and their 
respective connections are required. 
 
Fig. 7.1 Driveline components (stationary members not included; Exploded view by the author) 
Due to complex geometries, the mass moments of inertia are hard to obtain from 
analytical methods.  SolidWorks CAD package was used to model and assemble the 
components.  Components were weighed using scales with six decimal precision.  
Using geometric volumes from SolidWorks, appropriate material densities can be 
calculated so that materials of comparable specific gravities were assigned to each 
component to obtain their inertia and other physical properties as accurately as 
possible.  Stiffness formulae were used from various literature sources for stiffness 
values of component interfaces.  General damping coefficients were also estimated 
using analytical methods available from literature.  The phenomenological model 
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was then prepared, which when solved – after some simplification where necessary, 
would help characterise the drive train's dynamic behaviour. 
The rotating driveline components are shown in Fig. 7.1, where members that do 
not actively contribute to drive-train dynamics are not shown, (eg. outer races of 
bearings which are normally fixed). 
7.1 Mass moments of Inertia of Driveline components 
Mass moment of inertia is the measure of resistance of a physical body to turn to 
an applied torque about a fixed axis (generally through its centre of mass) due to the 
virtue of its mass.  In SolidWorks, using "Mass Properties" command, physical 
aspects of the 3D geometry can be calculated once a material has been assigned to 
the body.  Built-in materials library lists a wide range of engineering as well as 
common materials – ranging a wide variety of steel and rare earth metals to common 
ones such as wood and glass. 
First the components were weighed so that the actual mass calculated by 
SolidWorks based on the geometric volume and density of the specified material, 
could be verified.  The material specifications of the components were unknown, 
since such data was confidential and not disclosed by the producer.  The CAD 
geometries were produced in 3D from accurate measurements of the actual Cycloidal 
drive-components, from which the volume was computed by SolidWorks' "Mass 
Properties".  Then the material was assigned according to the calculated density from 
the known mass of the particular component. 
Main components of the drive are known to be made of bearing steel [56].  
According to Harris [118], bearings are preferably made from steels that have high 
surface hardenability.  Generally ball bearings are made from high chromium bearing 
steels – commonly AISI 52100 and through hardened, while rollers and rings of 
roller bearings are preferred to be made with steels that can be case-hardened; for 
example: AISI 3310, 4118, 4620, 8620, and 9310 [118].  Sumitomo states that all 
rotating components of the Cycloidal drive product range are made from fully 
hardened and tempered, vacuum de-gassed bearing-grade steel [4]. 
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From this it can be safely assumed that all rotating drive-train components are 
made of AISI 52100 fully hardened and tempered high-chrome bearing steel.  The 
density and hardness details were obtained from [58], while tensile (2240.8 MPa) 
and yield strength (2033.95 MPa) data as well as ultimate compressive strength 
(2500-2600 MPa) and thermal data were acquired from [119] and [120] respectively.  
It is generally hardened to 60-66 HRC (Rockwell hardness on C scale) [58, 120]. 
7.1.1 Mass and Inertia properties from SolidWorks 
One of the Cycloidal discs had a mass of 1.529868 kg when it was measured 
accurately using weighing scales at QUT (with precision of measurement up to 6 
decimals).  3D CAD geometries of all components were prepared in SolidWorks 
based on their precision measurements as described in Chapter 5.  Using these data, 
the close matching density for the volume measurements of the Cycloidal disc in 
SolidWorks was about 7750 kg/m
3
, which confirms with the actual material density 
obtained from the above mentioned sources.  All measurements and physical 
properties' calculations carried out using SolidWorks were of 8 decimal precision, 
which is the maximum available.  In SolidWorks' materials library, bearing steel was 
not available.  Hence a new custom material was added to the library classified under 
"Custom materials" as AISI 52100 steel, whose material data was obtained from [58, 
119, 120] (see Table 7.1).  The data obtained from these sources was available only 
with two decimal precision. 
Table 7.1 AISI 52100 Bearing Steel Properties (added to SolidWorks 
Materials Library) 
Elastic Modulus 220600 N/mm
2
 
Poisson's Ratio 0.27 – 
Shear Modulus 70400 N/mm
2
 
Mass Density 7750 kg/m
3
 
Tensile Strength 2240.80 N/mm
2
 
Compressive Strength – N/mm2 
Yield Strength 2033.95 N/mm
2
 
Thermal Expansion Coefficient 9.81E-06  per °K 
Thermal Conductivity 42.4 W/(m·°K) 
Specific Heat 464 J/(kg·°K) 
Material Damping Ratio – 
Fig. 7.2 shows the data calculated for the Cycloidal disc.  The axial mass 
moment of inertia is at Izz (shown highlighted).  Specific materials (according to 
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mass densities) were assigned to other components which were available in the 
materials library based on their volume and mass data. 
 
Fig. 7.2 Mass and Physical properties of driveline components were assessed using SolidWorks (Model 
prepared by the author) 
7.1.2 Mass Moment of Inertia by manual calculation 
To check the accuracy of mass moment of inertia calculation by SolidWorks, the 
input shaft was chosen for example, to evaluate mass moment of inertia manually by 
formulae.  Since it has simple geometry, it is relatively easy to manually compute. 
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Fig. 7.3 Mass moment of inertia of input shaft (without edge fillets and chamfers) computed by 
SolidWorks (Image by the author) 
The 3D model as shown in Fig. 7.3 has no edge fillets or chamfers to make 
calculations simpler.  Formulae for simple geometries are available in most texts on 
dynamics [121].  The sum of mass moments of inertia of the key ways was 
subtracted from that of the plain cylindrical volume to get the mass moment of 
inertia of the shaft with keyways. 
All formulae required to calculate the mass moment of inertia of the entire 
geometry shown in Fig. 7.3 including the parallel axis theorem evaluations are as 
follows, 
      
 
 
     
  
 
   
                                                        
where     is the mass moment of inertia of the shaft without keyways.  Here 
          correspond to long-shaft, bearing relief, step and short shaft respectively 
as is shown in Fig. 7.3.  Key ways are negative volumes whose mass moments of 
inertia have to be subtracted from that of the main body.  Mass moment of inertia of 
a key way is the sum of the mass moment of the cuboid portion and those of the 
cylindrical end halves. 
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The subscript    stands for the top keyway's cuboid portion ,  ,   and   stand 
for mass, width, height, and distance from the centroid of the keyway to the shaft's 
longitudinal axis (shown as the    axis of the centre of mass in Fig. 7.3) respectively.  
Subscript    stands for top keyway's cylindrical ends added together. 
The mass moment of inertia about their centroidal axes of two volumes, first the 
cuboid in equation (7.3) and second, the volume of the two cylindrical end-halves in 
equation (7.4) were summed to be known as              as in equation (7.2).  Then 
the mass moment of inertia about the keyway's centroidal axis is transferred to the 
drive-line axis passing through the middle of the shaft along its length.  The other 
end key way was treated similarly to find its            . 
                                                                                  
     
 
  
        
       
           
                
     
   
 
     
       
           
                      
Finally the sum of mass moments of inertia of keyways was subtracted from     
of equation (7.1) to get      the mass moment of inertia of the input shaft: 
                                                   
     calculated using equation (7.8) was found to be 0.0000618672 kgm
2
.  In 
SolidWorks, the precision was set to highest (8 decimals) and mass properties was 
computed to be 0.00006164 kgm
2
 (see Fig. 7.3).       computed by SolidWorks was 
0.37% smaller than that from using formulae, which is negligible.  Hence the mass 
moment of inertia calculated using SolidWorks is of acceptable accuracy.  Inertial 
properties of complex 3D models with features such as edge chamfers and fillets can 
be easily evaluated if their material densities are known. 
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7.1.3 Reflected Mass moment of Inertia 
In a speed reducing gearing system, the mass moment of inertia of the output 
end is larger than that of the input end because the components have to be built 
robust enough to transmit high torque and withstand large stresses.  The total inertia 
at the output end (due to gearing) is 'felt' at the motor end – commonly known as 
'Reflected mass moment of inertia' [3].  This can be evaluated by converting the 
inertia on the output side to the input side and considering it the equivalent mass 
moment of inertia.  Equivalent inertia is derived from kinetic energy balance of the 
system. 
The derivation given in [122] is reproduced here. 
 
Fig. 7.4 Spur gear transmission used as an example to describe the concept of equivalent inertia of the 
system;  Picture source – [122] 
In the gear pair shown in Fig. 7.4, the inertia of input and output shafts are    
and    respectively.  If power applied to input shaft transmits a torque    at an 
angular velocity of  , then due to the transmission ratio, the output shaft transmits a 
torque    at an angular velocity of  . 
Then the Kinetic energy equation of the system is given by – 
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Where   is the gear ratio (i.e. the ratio of input and output angular velocities).  
Evaluating equation (7.9), gives the equivalent inertia expression: 
    
 
 
      
  
  
   
    
 
 
    
                          
The term within parenthesis in equation (7.10) is the equivalent inertia    of the 
system.  It is seen that by dividing the inertia of the larger gear by the reduction ratio 
squared and adding to the input inertia gives the equivalent inertia of the system.  
Hence for the multi-mass Cycloidal transmission, the reflected inertia due to all 
drive-line components after the speed reduction has to be divided by the square of 
the reduction ratio between the input and the output shafts and added to the inertia of 
components that are situated before the reduction. 
The equivalent mass moment of inertia of the drive-line components (as is 
shown in Fig. 7.1), is the sum of equivalent mass moments of inertia of components 
with respect to the motor end.  The components located after the reduction (87:1), 
which is due to the Cycloidal discs impose reflected mass moments of inertia on to 
the driver's side.  Their individual effective mass moments of inertia are divided by 
the square of the reduction ratio to compute the reflected mass moment of inertia on 
the input end. 
                                     
     
       
       
       
       
       
       
     
                       
The total mass moment of inertia is the sum shown in equation (7.11), where – 
       = Total effective inertia of all drive-train components with respect to the 
input end; 
    = Mass moment of inertia of Ball bearing 1 (see Fig. 7.1); 
    = Mass moment of inertia of Input shaft; 
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    = Mass moment of inertia of Ball bearing 2; 
    = Mass moment of inertia of the key within the inner race of the eccentric 
bearing; 
    = Mass moment of inertia of the eccentric bearing; 
   
  = Reflected Mass moment of inertia of the Cycloidal discs; 
   
  = Reflected Mass moment of inertia of the pins of the Annulus in mesh with 
the teeth of the Cycloidal discs; 
   
  = Reflected Mass moment of inertia of the rollers on the Output shaft pins; 
   
  = Reflected Mass moment of inertia of the Output shaft; 
   
  = Reflected Mass moment of inertia of the Output shaft key; 
   
  = Reflected Mass moment of inertia of the Bearing spacer; 
   
  = Reflected Mass moment of inertia of Ball bearing 3; 
   
  = Reflected Mass moment of inertia of Ball bearing 4. 
The inertia values with the * superscript have their individual effective inertia 
divided by the square of the reduction ratio of 87, similar to that in equation (7.10). 
Bearings have rolling elements that roll within their outer and inner races.  A 
cage (usually metallic), is used to separate the rolling elements to prevent mutual 
rubbing.  The rolling elements roll due to the friction between their surfaces of 
rolling contact however, due to lubrication and smooth finish of the surfaces, some 
sliding is expected, but minimal enough to be neglected.  Due to friction between 
contacting surfaces, the rolling elements rotate about their own axes and revolve 
about the fixed central axis at the differential speed. 
The rolling elements can be imagined as small planet gears whose pitch circles 
roll on that of the sun-gear meshing with them.  Due to the difference in the pitch 
circle radii, the positions of the planets orbit around the sun, as they spin about their 
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individual axes.  In the case of bearings, this can be visualised as the relatively slow 
revolution of the cage separator about the bearing's central axis. 
Mass moments of inertia have to be calculated accurately and taken with respect 
to the central drive-line axis.  The computation of the bearing inner race and that of 
their respective rolling element (ball or roller) was individually done using 
SolidWorks as described before.  But while evaluating the total mass moment of 
inertia of all moving components of the bearing with respect to the drive-line axis, 
the differential motion of the rolling elements is also considered. 
 
Fig. 7.5 Schematic showing the differential motion of the rolling element with respect to the inner race to 
calculate the effective mass moment of inertia of bearings; (Image by the author) 
In Fig. 7.5, a schematic end view of a rolling element bearing is shown.  The 
cage turns clockwise, as the ball (rolling element) rotates clockwise for the counter 
clockwise motion of the inner race.  The tangential velocity of the rolling element is 
the same as that of the cage.  Since they have different radii with respect to the 
central axis at C and to the ball centre B, differential angular motion is expressed as 
the velocity ratio,     – which is the angular velocity ratio of the ball to that of the 
cage. 
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Where    = angular velocity of the ball relative to its centre of mass; 
   = angular velocity of the cage with respect to its centre of rotation; 
   = ball radius; 
   = distance between the centre of the ball to the central axis (drive-train axis); 
   = tangential velocity of the centre of mass of the ball. 
Then the effective mass moment of inertia of the bearing components is given 
by – 
                        
         
                                        
         = Effective mass moment of inertia of the moving components of the 
bearing; and       is the mass moment of inertia of the cage; 
    = Mass moment of inertia of the inner race; 
   = Mass moment of inertia of the ball with respect to its centroidal axis of 
rotation; 
   = mass of the ball; and 
   = number of balls. 
In the right hand side expression of equation (7.14), the first term is the mass 
moment of inertia of the inner race of the bearing since it rotates along with the shaft.  
The second term is the effective mass moment of inertia of the collection of balls and 
the third term is the mass moment of inertia of the cage with respect to its central 
axis.  The first part of the second term is the mass moment of inertia of the ball 
multiplied by the angular velocity ratio squared – which is the effective mass 
moment of inertia of the ball as it spins about its own centroidal axis.  The second 
term is the result of using the parallel axis theorem which transfers the mass moment 
of inertia from the ball's centroidal axis to the main drive-train axis.  The sum of 
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these two terms is repeated for the rest of the rolling elements.  The mass moment of 
inertia of the cage is relative to its central axis, which coincides with the drive-train 
axis and hence there is no need to use the parallel axis theorem. 
The value of     is greater than 1 in this case.  Hence the inertia of the ball is 
multiplied by the square of the angular velocity ratio.  If it is smaller than 1 (due to a 
larger denominator), then it is equivalent to dividing the inertia value by the angular 
velocity ratio squared.  This operation applies to the rotating motion of the ball only 
and not travelling around the central axis due to friction between contacting surfaces.  
Travel of the ball is regarded as a point mass around a fixed centre point.  The inertia 
component due to travelling motion of the ball is its mass times the square of the 
distance between the centre of mass and the central axis.  Mass moments of inertia of 
all bearings including the eccentric were evaluated using the same procedure. 
The Cycloidal discs also have compound motion similar to the bearing elements, 
but the Cycloidal disc rolls within the rim of the annulus (ring gear), as it spins about 
its own centroidal axis.  The inertia equation of the Cycloidal disc also has two parts, 
one for the travel of the disc around the centroidal axis and the other is for its spin 
about its own axis. 
   
     
   
  
       
                                                     
   
   is the reflected moment of inertia of both Cycloidal discs with respect to the 
input end 
    = Mass moment of inertia of the Cycloidal disc about its own centroidal axis 
(as computed by SolidWorks); 
  = Reduction ratio (87/1 = 87); 
    = Mass of the Cycloidal disc; 
  = Eccentricity (the distance between the centre of the annulus and the centre of 
the Cycloidal disc); 
    = Number of Cycloidal discs in the transmission. 
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In equation (7.15), the first part within the parenthesis is for the spin of the disc, 
while the second is for the travel around the annulus' periphery.  The pins of the 
annulus are 44 in number, but their inertia is very small and can be ignored.  The 
distance between the centroidal axis of one pin and the drive-train axis is large, and 
only 3 pins (per disc) can be accounted for motion due to Cycloidal tooth-mesh as is 
evident in the model assembly.  The slight wobble of the pins within their cavities is 
very minute to be significant, hence can be safely ignored from calculation.  
Similarly the output rollers also exhibit differential motion by rotating within the 
inner circumference of the enlarged holes of the Cycloidal discs. 
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Table 7.2 Mass Moments of Inertia of drive-train components reflected to 
the input shaft end (* indicates component inertia ÷ square of the reduction 
ratio) 
Components Mass moments of inertia [× 10
-6
 kg·m
2
] 
Bearing 1 (SKF 6305) 46.54920 
Input Shaft 61.64000 
Bearing 2 (SKF 6306) 76.88090 
Key of the Eccentric bearing   2.19064 
Eccentric Bearing 383.82600 
*
Cycloidal Discs 5.20610 
*
Pins (Annulus – 8 pins only) 0.09016 
*
Rollers (Output Shaft) 0.32701 
*
Output Shaft 1.38009 
*
Key at the Output shaft end 0.00859 
*
Bearing Spacer 0.00426 
*
Bearing 3 (SKF 6213) 0.13608 
*
Bearing 4 (SKF 6211 NR) 0.05992 
Total reflected inertia  578.2993 
Table 7.2 shows the calculated mass moments of inertia of all drive-train 
components.  Inertia values of components listed after the Cycloidal discs are divided 
by the reduction ratio squared to reflect to the input end. 
As Park [3] points out, the components of the input end have to be designed to 
have minimum inertia for the drive to be efficient.  Up to the Cycloidal reduction, the 
bearings, input shaft as well as the eccentric contribute to the inertia for the motor 
end.  This is a standard backlash single stage Cycloidal drive.  In the case of the 2K-
V type, which has an initial spur gear reduction before the Cycloidal stage (called 
precision backlash Cycloidal drives – refer Chapter 2) the preliminary spur reduction 
along with associated bearings add to the motor-end-inertia.  
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7.2 Stiffness of drive-line components 
In the previous section, the methods of assessing mass moments of inertia of the 
drive-train components have been detailed.  In this section, the stiffness at the 
component joints is discussed.  Joints as in bearing sub-assemblies, shafts and keys, 
contact stiffness among the Cycloidal teeth and pins etc, have been outlined using 
formulae taken from various available literatures.  Rivin [78] has highlighted that 
stiffness of component joints is important for dynamic analyses of mechanisms 
design.  He points out that stiffness concepts and related studies are practically 
neglected in most text books on mechanical design and dynamics, except a few. 
Dynamics and Vibrations are becoming popular as part of the latest mechanical 
design methods, but stiffness and damping behaviour of component interfaces have 
been considered little.  As an example, working stresses of mechanical designs 
would well be within allowable limits, but their functionality may be entirely 
stiffness dependent – as is evident in the case of an aircraft wing.  The working 
stresses present in the wing would be well below the yield limit with ample safety 
factor, but the flexibility permits considerable elastic deformations.  Stiffness is the 
key design parameter in the functionality of the wing, as is its damping response to 
vibratory loads. 
Rivin [78] has presented methods to improve mechanical design steps with 
stiffness and damping in focus.  He has presented his as well as others studies in his 
book and has shown that stiffness and damping of components are inter-related in 
most cases.  Optimising one or the other (stiffness or damping) as an objective 
function of a particular design has not yielded far-fetching results. 
His work is mostly analyses on contact stiffness and damping in mechanical 
joints – especially among the components of power transmission (gearing) systems.  
He has pointed out that very few new publications in English are available currently, 
since important stiffness and damping related research has been done over many 
years in former Soviet Union (present day Russia), thus limiting the accessibility of 
their research findings to only Russian speaking engineering communities. 
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As quoted by Rivin [78] –  
"Stiffness is the capacity of a mechanical system to sustain loads without 
excessive changes of its geometry (deformations)".  The reciprocal of stiffness is 
"compliance". 
In the following sub-sections, proven analytical stiffness formulae have been 
applied to various Cycloidal drive-train component-interfaces to assess the stiffness 
and hence compliances.  In the next section similar treatment is given from a 
damping perspective. 
7.2.1 Bearings 
Bearings play a major role in the drive-train not only supporting the component-
masses, but also functioning as revolute joints at various speeds and torques.  
Analytical formulae given by Levina and Reshetov in [92] can be applied to evaluate 
the three basic deformations commonly occurring in rolling element bearings – 
namely, 
A. Radial displacement due to contact deformation of rolling elements due 
to radial loads 
B. Radial displacement due to contact deformation between a loaded rolling 
element and the outer race 
C. Radial displacement due to contact deformation of rolling elements and 
the inner race. 
Their sum would be the total radial deformation contributed by that particular 
bearing.  There are 5 rolling element bearings in the drive-train – two for each shaft 
(input and output) and the eccentric roller bearing that carries the Cycloidal discs.  
Bearing compliances and damping characteristics are important for the dynamic 
phenomenological model of the drive-train. 
The formula given by [92] for (A) – the effective radial deformation between the 
outer race and the rolling elements is: 
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Here the value of    is between        and      and   is the diameter of the 
shaft on which the inner race of the bearing is fit.    is the radial load on the bearing.  
Static load rating value of the bearing was used for   (which is 11.6 kN), obtained 
from the bearing manufacturer's catalogue [123].  The measured diameter , of the 
shaft at the bearing location was 25 mm for Bearing 1 (Model SKF 6305 – see Fig. 
7.1).  The value of    was chosen to be       .  With these values, the deformation 
   was computed to be 5.59 μm. 
Levina and Reshetov [92] have developed contact deformation formulae for 
cylindrical joints with small clearances, which can be applied to estimate the 
deformation (in microns - m) due to contact between the participating rolling 
elements and the outer race of a bearing. 
 
Fig. 7.6 Radial load 'q' is transmitted to the outer race by the rolling elements dispersed at angle '2'; 
Convention according to Levina and Reshetov [92]; (Image by the author) 
The radial deformation between the outer race and the housing (B) is given by 
[92] as, 
        
 
                                                                    
where   is the bearing pressure and    is between 0.35 and 0.45 for high-
distributed load with         
  
  
 and        .  As is seen in Fig. 7.6, the radial 
load   is supported by the rolling elements of the lower half of the bearing spanning 
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an angle of    [92].  For   values less than     
  
  
, the recommended    value is 
0.18.  Since the load rating of 11.6 kN (1182.466871 kg) assumed to be equally 
distributed over the length of the bearing of 1.7 cm results in            
  
  
, which 
is     
  
  
 , the    value has to be between 0.35 and 0.45.  The average value 0.4 
was used for   .  The bearing pressure was approximated to the load rating of the 
bearing divided by the gross cross section area.  The gross cross section area is the 
projected cross section area, calculated as the product of the overall bearing width 
and the outside diameter. 
The SKF 6305 bearing has an outer race diameter of 6.2 cm and a thickness of 
1.7 cm.  Bearing pressure is the load rating (1182.466871 kg) divided by the area 
(6.2×1.7) cm
2
.  Using these values the deformation    evaluated to 4.24 μm. 
Equation (7.17) was used to evaluate the deformation (C) between the inner race 
and the shaft.  The bearing area in this case will be the shaft diameter times the 
thickness of inner race.  The deformation    evaluated to 6.67 μm. 
The total bearing deformation is the sum of deformations evaluated for A, B and 
C amounting to 16.5 μm. 
This deformation occurs as a result of the applied radial load, which equals the 
static load rating of the bearing provided by its manufacturer.  The ratio of the 
bearing's static load rating to the deformation computed above is the radial stiffness 
of the bearing due to the static load – which is considered here to be linear up to the 
limit viz. the static load rating.  If this is plotted with deformation as the abscissa and 
the load on the ordinate axes starting from zero, then the slope of the line is the radial 
stiffness of the bearing.  Its reciprocal is the radial compliance of the same.  The 
stiffness and the compliance are as shown in equations (7.18) and (7.19) below. 
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     is the radial compliance and      is the radial stiffness of Bearing 1 
(Model: SKF 6305). 
It is seen that the total deformation of all elements due to the applied radial load 
equal to the static load rating of the bearing is only 16.5µm.  In normal operation, 
(properly selected) bearings are seldom subjected to such high radial loads.  For 
normal operating conditions, the deformations would be quite small. 
Other bearings in the drive train were also characterised for their radial 
compliances using the same procedure as explained afore as that of Bearing 1.  The 
output shaft bearing compliances have to be reflected to the input end.  They are 
multiplied by the square of the reduction ratio (or their stiffness values are divided by 
the square of the reduction ratio, because stiffness is the reciprocal of the 
compliance).  Table 7.3 lists all radial stiffness and compliances of the bearings of 
the drive train. 
Table 7.3 Radial stiffness and compliance of all bearings of the Cycloidal 
drive train 
Bearing   
       
  
  
 
 
          
  
       
  
 
 
  
1 (SKF 6305) 1 7.03034210×10
8
 1.42240589×10
-9
 
2 (SKF 6306) 1 8.22733301×10
8
 1.21546071×10
-9
 
Eccentric 
(Koyo 25UZ415 7187T2X-SX) 
1 8.81764498×10
10
 1.13408966×10
-11
 
3 (SKF 6213) 87 1.04569928×10
5
 9.56297880×10
-6
 
4 (SKF 6211NR) 87 1.01772460×10
5
 9.82584086×10
-6
 
7.2.2 Shafts 
Torsional stiffness and compliance of shafts were assessed as per formulae 
given by [94, 95].  The stiffness between each adjacent step of the input shaft for 
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example, as is shown in Fig. 7.3 is calculated using the given formulae and combined 
together to obtain the total stiffness.  Torsional compliance (is the reciprocal of 
torsional stiffness) of a shaft end with a key way given by [95] is, 
   
         
  
  
 
    
    
 
  
                                             
where    
      
is the input shaft compliance with the key way at one end in 
radians per Newton meter; 
  = the rigidity modulus of the shaft material; 
  = the length of the key way; 
  = the height of the key way; 
  = the diameter of the shaft with the key way; 
The compliance between the keyed part of the shaft and the step given by [95] 
is, 
   
      
  
  
 
  
  
   
  
  
   
 
   
     
  
  
                                    
where    
    
 is the torsional compliance between the shaft and its adjacent step; 
   and    are the lengths of the shaft and the step; 
  and   are the diameters of the shaft and the step respectively. 
Torsional compliance of the part with the key way in the middle is given by 
[94], 
   
                
  
  
 
 
           
                                                                 
where   is the depth of the key way and   its length and the other parameters 
denoting the usual properties.  Using equations (7.20) to (7.22) the compliances of all 
the shaft-steps including keyways are found, which when summed up yield the total 
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torsional compliance of the input      0.00015091 rad/Nm, or     = 6626.466106 
Nm/rad; where     is the torsional stiffness of the input shaft. 
Rivin [78] highlights that for conventional gearing systems (eg. spur gear 
transmission), the bending deflection of gear shafts, the elastic radial displacements 
in bearings, as well as bending and contact deformations of gear teeth influence the 
equivalent torsional compliance of multi-shaft gear transmission.  Tooth meshing 
forces have both tangential (torque causing force) and radial downward force that has 
to be supported by bearings.  The force causes a small bending deflection in the shaft 
as well as radial bearing deformation due to compliances and clearances inherent in 
bearings.  Due to these deflections, the meshing point of the teeth is slightly altered.  
The gears are forced to take slightly different positions while being meshed with 
each other resulting in sliding of gear teeth against each other under load because of 
the pressure angle of the tooth form and friction between sliding surfaces.  Rivin 
points out that these compliances affect the drive-train dynamics of multi-shaft spur 
(or helical) gearing systems considerably.  The following procedure explains how 
individual bearing compliances as well as that of the shaft are computed to include in 
the main dynamic model.  The terminologies used here for all parameters are the 
same as in Rivin's book. 
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Fig. 7.7 Calculation of equivalent torsional compliance using radial deflections given by Rivin 
[78]; (a) Bearing displacements due to radial gear tooth force P are calculated by moment balance 
equation; (b) Gear mesh point is altered due to the shaft and bearing displacements leading to additional 
angular compliance (Picture Source: [78]) 
Rivin's [78] method of assessing equivalent angular compliance due to the 
bending and radial deformations of gear-shaft and bearings of one of the multi-shaft 
conventional spur gear-transmission is reproduced here as follows (Source: [78]): 
a. If there are n gear shafts in the transmission, then    the total vector 
bending deflection of the i
th
 shaft (of the total n) is calculated. 
b. Vector displacement    of the i
th
 gear caused by the combined bearing 
displacements of both bearings at A and B shown in Fig. 7.7 (a) is 
calculated as – 
      
 
     
     
 
     
                                    
where         and        ;     and    are the force vectors that 
cause the radial displacements of bearings at A and B (see Fig. 7.7 (a)), 
and    and    are the radial compliances of each bearing respectively as 
defined by Rivin [78]. 
c. The total linear vector displacement of the ith gear would then be 
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d. Therefore the relative displacement between the ith and (i+1)th gears 
would be 
                                                                                    
e. The resulting angular displacement    of both gears with reference to the 
i
th
 gear (see Fig. 7.7 (b)) is given by – 
    
       
        
           
  
                                  
where       
  and       
  are tangential and radial components of 
vector   ;    is the pitch radius of the i
th
 gear;    is the pressure angle 
and   is the friction angle (usually taken as = ~0.1). 
f. The equivalent torsional compliance is , 
   
  
  
                                                                                          
 
       
        
           
  
 
 
    
              
where    is the torque transmitted by the i
th
 gear – the product of the 
tangential component of the load    times the pitch radius   ;    is the 
angular compliance due to gear mesh which is given by, 
   
  
   
       
                                                                
Here    is the deflection of engaged pair of gear teeth under normal 
contact pressure [m
2
/N] depending on the type and material of gear pair 
used (eg. steel spur, helical or polyamide gears etc); and   is the tooth 
width. 
The Cycloidal drive however differs to conventional spur gearing with regard to 
pressure angle, pitch radius etc, however, the concept of assessing equivalent 
torsional compliance contributed by the radial bearing deformation and shaft 
deflection can be applied to the input shaft, Cycloidal discs and bearing assembly.  
The force due to the meshing with pins can be assumed to be due to a single pin in 
full mesh with a cycloidal profile of the disc, and used to determine the equivalent 
bearing deflection    and shaft deflection   .  The resulting    evaluated to be very 
small (= 0.00090626° per nominal input torque   ), which would possibly be 
because of the robust construction of the input shaft and small bearing deflections.  
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This indicates that assuming a single tooth in full mesh is incorrect and multiple teeth 
share the load.  The two cycloidal discs counter-act the large bearing reaction forces 
inherent in the transmission due to tooth and output-pins interfaces.  Since this is a 
preliminary analysis, the very small numerical value of the equivalent torsional 
compliance due to bearing and shaft deflections alone can be safely ignored. 
 
Fig. 7.8 Total torsional compliance of the output shaft is the sum of compliances of the individual step 
interfaces; (Image by the author) 
The output shaft has more steps than the input shaft (see Fig. 7.8).  Torsional 
compliance of the output shaft excluding the pins on the flange was computed at 
each step and summed up to obtain the total torsional compliance –    
 . 
   
                                                             
where       
  
  
 
  
 
 
  
     
 
 
   
  
  
                                                      
The value of      is the torsional compliance of the conical part of the shaft with 
  and   representing the smaller and larger diameters respectively, separated by the 
length   (given by [94]).  Using equations (7.20), (7.21), (7.29) and (7.30), the total 
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torsional compliance of the output shaft excluding the pins on the flange evaluates to 
   
   6.71055739×10-6 rad/Nm. 
The pins of the output shaft elastically deform by bending while transmitting 
torque.  The changing positions of the holes in the Cycloidal discs exert forces on the 
pin-roller combinations.  These forces move the pins around the central axis 
tangential to the rotation of the output shaft.  Bending deformation due to these 
forces occurs flexing the pins as a response to the applied torque.  The whole output 
shaft model can be considered as a two mass vibration model connected by two 
springs.  The first part has a torsional compliance of    
  as evaluated before.  The 
second compliance     can be termed as 'equivalent' torsional compliance resulting 
due to the flexing of the output pins.  Since both springs are connected in series, their 
compliances are simply added together to get the total torsional compliance of the 
output shaft. 
In § 6.7.3 of Chapter 6 it was proved that due to the compound motion of the 
Cycloidal disc's output holes, the pins of the output shaft flange bend in all 
directions, but mostly tangential to the direction of motion of the output shaft.  Also 
explained (in Chapter 6) is that standard beam bending theory is invalid in this case 
because the effective span to depth ratio of the cantilevered pins is far less than 8 
(span/depth = 1.857 without the roller).  Using the average force acting per output 
pin derived from the rated output torque, a numerical FE simulation can be 
performed on the pin geometry for an estimate of its deformation to an applied force. 
Bending compliance of the output pins contributes to the overall torsional 
compliance of the output shaft and consequently to that of the drive-train.  This is 
presented in the following paragraphs.  As shown in § 6.7.3 of Chapter 6, the average 
torque transmitted by the output shaft is, 
  
     
  
   
  
    
   
                                                           
The manufacturer's rated torque was used for    (585 Nm);     is the number 
of output pins = 8; and the ratio  
   
 
   
  is 0.84375 is the efficiency of the output pins-
flange interface – termed as     (see § 6.7.3 of Chapter 6).  The average torque   
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then evaluates to 61.7 Nm per output pin.  The radius of the output pin pitch circle 
    was measured to be 56 mm.  Then the average tangential force acting per 
output-pin which produces torque is the ratio of   
  to the radius     – which 
evaluates to 1101.7718 N.  Thus a nominal torque    , applied to the input shaft 
produces a tangential force   equal to 1101.77 N on each output pin (on an average) 
to produce the output torque.  Then force    due to any multiple             would 
produce higher pin deformations which could be used to estimate the bending 
stiffness and hence the equivalent torsional compliance of the output shaft. 
The output pins are considered as cantilever short beams as explained in the 
previous chapter.  Transverse shear deformation contributes considerably, to the 
overall bending compliance alongside the axial bending deflection in short beams.  
This necessitates the use of Timoshenko beam theory contrary to the commonly 
applicable Euler-Bernoulli beam theory for longer beams (span to depth ratio >10).  
Timoshenko beam theory includes the shear effects at the lateral sides of the end-
support where the maximum bending moment occurs.  The deflection of a cantilever 
beam considering shear and bending only [124] is 
      
      
   
   
  
   
    
  
 
    
   
   
                              
for circular cross-section, 
     
      
    
                                                                                
where      is the transverse beam deflection at position   [m]; 
  is the applied force [N]; 
  is the beam length [m]; 
  is the position of the deflection sought away from the free end [m]                   
(0 at the free end); 
  is Timoshenko shear coefficient and   is Poisson's ratio [both unit less]; 
  is the cross section area of the beam [m2]; 
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  is the Rigidity modulus of the beam material [N/m2]; 
  is the Young's modulus of elasticity of the beam material [N/m2] and 
  is the second moment of area of cross section [m4]. 
A simple ANSYS static FE study was performed on the pin geometry alone 
(Material assigned: Bearing Steel – see Fig. 7.9).  The pin was modelled as a line 
model in ANSYS Workbench with beam elements.  The mid-side nodes of the 
elements were 'kept' to enable shear deformation to be in accord with Timoshenko 
Beam theory.  The effective overhang of the pin from the inner Cycloidal disc in this 
case was 26 mm.  This was considered as the beam span with a circular cross section 
of diameter 14 mm.  The force to end-deflection curve was linear (as expected for a 
cantilever), the slope of which gives the bending stiffness.  The deflection of the free 
end of the pin was recorded for forces calculated from input torques of     ,     , 
    ,      and       , as   values. 
 
Fig. 7.9 Static FE study in ANSYS: Bending simulation of the output pin due to force Fn; (Image by the 
author) 
Table 7.4 shows the output pin deformation values subjected to forces caused by 
the multiples of   .  
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Table 7.4 Calculation of equivalent torsional compliance,     – contributed 
by the elastic deflection of 1 output pin 
1 2 3 4 5 
    
Force on pin 
       
Deflection 
from ANSYS 
       
               
 
   
       
   
  
   
 
        
  
    1101.77 19.9 356.125×10
-6
 5.77195×10
-6
 
    2203.54 39.9 712.250×10
-6
 5.77195×10
-6
 
    3305.32 59.8 1068.370×10
-6
 5.77195×10
-6
 
    4407.09 79.7 1424.500×10
-6
 5.77195×10
-6
 
      5508.86 89.7 1602.570×10
-6
 5.77198×10
-6
 
 
In column 3 of Table 7.4, the bending deformations of the pin obtained from ANSYS 
study (see Fig. 7.9), caused by the applied forces    are listed.  The angle of turn   
and the compliance     are calculated using their respective formulae in columns 4 
and 5.  
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Fig. 7.10 Angular compliance     due to bending of the output pins is the ratio of   to the moment 
(      ); (Image by the author) 
The deformation angle   (in radians) w.r.t. the central axis of the output shaft is 
the arc-tangent of the ratio of bending deformation   to     (see Fig. 7.10).  The 
angular compliance     is the ratio of the angle   to the resultant moment         
in rad/Nm as listed in column 5 of Table 7.4.  It is evident that     is constant 
(indicating linear deformation). 
As said before, the output shaft and the pins on its flange can be considered as 
two elastic springs connected in series.  Since there are 8 pins (     ), and all pins 
transmit the average torque   
  as discussed before, they jointly act as springs in 
parallel.  The equivalent compliance of 8 pins will be that of a single pin divided by 
8.  The equivalent torsional compliance of the entire shaft model then is given by 
   
          
  
   
 
                                                         
If this total equivalent output shaft torsional compliance is to be reflected to the 
input shaft end, then it is multiplied by the overall reduction ratio squared and hence, 
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Here    
  is the reflected total equivalent torsional compliance of the output 
shaft including the small torsional compliance due to bending deformation of pins on 
the flange.  From column 5 of Table 7.4, an average value of the compliance     = 
5.77195291×10
-6
 rad/Nm can be used to obtain the reflected torsional compliance 
   
  = 0.05625320 rad/Nm or the stiffness,    
  = 17.77676610 Nm/rad (   
  is the 
reflected equivalent torsional stiffness of the output shaft). 
In Chapter 4, a hysteresis experiment was performed to study the response of the 
drive train to loading and unloading with the output shaft held immobile.  It was 
found that the input shaft has 28° of lost motion in both clockwise and counter-
clockwise directions from a middle datum point.  Turning the input shaft against the 
locked output shaft beyond the limit of the lost motion loads the drive-train 
elastically, deforming the linked components.     
  can be used to estimate the turn of 
the input shaft (assuming the input shaft, Cycloidal discs and all other components 
except the output shaft to be rigid) as shown in Table 7.5.  
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Table 7.5 Comparison of calculated and experimental input shaft turn 
angles 
1 2 3 4 
    
Total calculated input shaft turn angle 
          
    
           
 
      
Turn angle from 
experiment 
         
           
    43.4 44.7 -3.0 
    63.1 62.0 1.8 
    82.8 76.9 7.7 
    102.6 94.5 8.5 
      112.4 96.4 16.6 
 
In Column 2 of Table 7.5 only the 28° input shaft free play and the reflected 
torsional compliance of the output shaft    
  are used along with the output pins' 
torque transfer efficiency             (see Chapter 6 for derivation) to 
calculate   , the possible angle of turn of the input shaft subjected to multiples of 
nominal torques in degrees (assuming all other components to be rigid). 
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Fig. 7.11 Comparison of torque angles induced by torsional deformation of the output shaft with the 
overall torsional stiffness from the Hysteresis experiment (from Chapter 4)   
In column 2 of Table 7.5, the input shaft free play of 28° has been included (see 
chapter 4).  Input torque to twist angle relationship from both calculation and 
experiment are shown in Fig. 7.11.  On comparison with the overall input shaft turn 
angle      from the hysteresis experiment, it was found that the major contributor to 
the large input shaft angular compliance of the Cycloidal drive is the elastic 
deformation of the output shaft and its pins to be well within the 10% error margin 
up to     . 
Two Cycloidal discs are actually used in this drive system.  The output shaft 
pins pass through the oversized holes of both discs.  In the FE study of the pin, it was 
assumed that only the outer disc transmits torque to the output shaft through its 
oversized holes.  Thus the free pin-ends were subjected to the maximum bending 
force due to the torque to estimate the bending compliance of the pin.  Since the discs 
are arranged with a phase difference of 180° to each other, the oversized holes of the 
inner disc (the one nearer to the output shaft flange), do not transmit force to the 
output pins at the given position where the outer disc is transmitting force to its 
active pins.  But the inactive oversized-hole on the inner disc pivots against the 
surface of the same output pin causing a small magnitude supporting force whose 
magnitude peaks at other tooth-mesh positions – see Appendix D for detailed 
explanation.  The direction of this supporting force constantly changes as it follows 
the epitrochoidal locus of the oversized hole-centre – as explained in Chapter 6.  This 
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not only alters the effective beam length, but also slightly changes the magnitude and 
direction of the supporting force due to the inner disc, because it is position-
dependent.   
Including this force into the pin's FE study at the particular instant will not be a 
straight forward task and is beyond the scope of the FE study.  Other contributing 
factors would be mostly due to other radial and contact elastic deformations, 
unaccounted clearances, manufacturing and assembly tolerances etc. 
Under normal service conditions, overloading would be unlikely to be a 
frequently occurring problem (especially for very high steady loads up to     ).  
However, shock loading can introduce sudden load surges in a short duration 
reaching up to and beyond      (the dynamic factors from Chapter 5).  Component 
wear and tear usually increases proportionally with the frequency of overloading 
irrespective of whether applied steadily or during accidental shocks to the drive train.  
Hence      would be an optimal margin and can be considered to provide ample 
service and design safety factors under normal operating conditions of this particular 
Cycloidal drive design.  
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7.2.3 Keys 
Angular displacement   in key joints given by [92] is, 
   
          
    
                                           
where   is the torque applied to the key-joint of shaft of diameter  , key length   
and equivalent height of the joint    
  
    
     
                                                              
Equivalent height   is the reciprocal of the sum of reciprocals of heights    and 
   shown in Fig. 7.12.  Height    is from the base of the keyway to the radius of the 
shaft and    is remaining height. 
 
Fig. 7.12 'Equivalent height' [92] is the reciprocal of the sum of reciprocals of the two heights h1 and h2; 
(Image by the author) 
The value of   is as given by [92] as shown in Table 7.6: 
Table 7.6 The value of k given by [92] is used to determine angular 
displacement   
Contact Pressure    
   
  50 100 300...400 600 
  
      
  
  0.075 0.06 0.04 0.03 
The torsional compliance of the key joint is the ratio of the angular displacement 
  in radians to the applied torque   in Nm; and its reciprocal is the torsional stiffness 
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of the key-joint.  Using the known values of parameters in equations (7.36), (7.37) 
and a k-value of 0.075 from Table 7.6, the angular compliance of the input shaft key 
joint (connecting the motor shaft), and the eccentric bearing are evaluated and listed 
in Table 7.7. 
Table 7.7 Torsional Stiffness and Compliance of keys using formula from 
[92] 
Key Torsional Stiffness 
     [Nm/rad] 
Torsional Compliance      
[rad/Nm] 
Motor shaft key 9469.06893 105.607×10
-6
 
Eccentric bearing key 6783.88306 147.41×10
-6
 
Output shaft key 
(reflected) 
202.51189 4938×10
-6
 
 
7.2.4 Torsional stiffness of Cycloidal Disc 
Tooth mesh stiffness of the Cycloidal disc is similar to that of a conventional 
spur gear mesh, but substantial research on this topic has not been done yet.  As 
mentioned before, several researchers have explored the force interactions at the 
tooth mesh.  However, their focus of study is a low ratio Cycloidal drive.  High ratio 
drives (>70:1 in a single stage) have not been discussed so far in currently available 
literature – which have different mesh stiffness characteristics because stiffness is 
geometry dependent [78]. 
Only a few researchers have scoped their study to dynamic modelling of the 
Cycloidal drive train [65, 75, 87, 125, 126].  Kim et al (from South Korea) [65, 126], 
have used both FE analysis and Hertz contact theory to arrive at the contact stiffness 
of the Cycloidal teeth.  Using a numerical FE technique, a rough contact force is 
evaluated and used in a Hertz contact formula to obtain the accurate stiffness after 
calculating in several iterations.  The model used for study by [65] is a double stage 
reduction 2K-V gear transmission which has an initial spur gear reduction (see 
Chapter 2 for detailed description of the construction).  They conclude that large 
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bearing forces are evident at the three eccentric bearings of the crankshafts of their 
model and the bearings' stiffness (probably referring to radial bearing stiffness, as it 
has not been clearly mentioned), plays a significant role in assessing the overall 
torsional stiffness of the drive. 
Park [126] also states that the stiffness of the main eccentric bearing of the 
crankshaft has to be considered to estimate the overall torsional stiffness of the drive.  
The stiffness of the cycloidal disc is calculated in numerical iterations, because the 
magnitude and direction of the contact force between the engaged pins of the annulus 
and the tooth profiles continuously change as the disc rotates (viz. the tooth mesh 
zone travels along the periphery of the annulus).  No other details of his research are 
available for English speaking communities as his work is presented in Korean. 
Rivin [78] states that 'preloading' in a system improves stiffness characteristics 
and hence shows higher natural frequencies in analyses and tests.  He favours to use 
preloading which 'transforms innate strength of the material to stiffness'.  With 
higher stiffness, higher natural frequencies of vibrations result thus providing a larger 
vibration bandwidth during operation.  The working cycle of a mechanism or system, 
which has higher natural frequencies due to a preload-induced high stiffness factor, 
than conventional equivalent of the same, provides more 'design space' for 
component design to avoid working cycle vibrations coinciding with system natural 
frequencies leading to resonance.  At resonance, extreme dynamic forces originate 
which can cause component and system damage. 
Zhang et al [86]  (their subject of study is the double crank ring plate type 
Cycloidal drive – see Chapter 2 for details) have proved that with higher bearing 
stiffness, higher system natural frequencies result.  They state that the stiffness drops 
quickly to a low value with the presence of assembling clearances or fatigue damage. 
In the Cycloidal teeth mesh, the instantaneous contact point moves as the tooth 
profiles roll on the surfaces of their respective pins.  Also, multiple teeth are in mesh 
with their respective pins having mutually different contact points.  Unlike involute 
gear teeth, Cycloidal profiles are sensitive to centre-distance variation.  Hence one 
such planet gearing system (KHV), the bearing of the crankshaft which supports and 
carries the Cycloidal disc around must be made strong and hard enough to withstand 
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large bearing forces.  Involute teeth can transmit torque without any losses when 
there are small centre-distance variations between the meshing gear sets.   
In Cycloidal gearing, when the contact is lost, torque transmission ceases.  For 
analytical study and to prepare a simplified multi-mass phenomenological model to 
obtain an insight into dynamic characteristics of the gear transmission, radial 
stiffness of the crankshaft bearing (viz. eccentric bearing) can be assumed to be close 
enough to be rigid or as a constant high-stiffness member.  Radial displacements and 
clearances can be considered to affect the study little – as in the case of a quasi-static 
study. 
Large bearing forces resulting due to pin-tooth mesh are neutralised by the two 
opposed Cycloidal discs.  Since the eccentric bearing is carried by the input shaft, 
load is transmitted to the input shaft and its bearings.  One of the input shaft bearings 
rests in the hollow of the output flange (Bearing 1 – SKF 6305, see Fig. 7.1).  Hence 
the resultant radial forces due to tooth meshing are shared by both input and output 
shafts and all shaft bearings – thus making it a very complex statically indeterminate 
beam problem. 
Considering tooth meshing deformation alone, some amount of torsional 
compliance contributed by the Cycloidal discs can still be estimated.  In the free 
body diagram of a Cycloidal disc of a statically loaded drive-train (output shaft 
locked), angular deformation due to tooth mesh forces can be studied in a similar 
manner to that of contact deformation between two involute teeth of spur gear pairs. 
 
Fig. 7.13 To assess torsional stiffness of the pinion, the authors of [77] have made use of displacement 
values of selected nodes in the mesh model of a static numerical solution (Picture Source: [77]) 
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In conventional external spur gear pairs for example, only one or two conjugate 
tooth surfaces are in contact and transmit torque.  The mesh stiffness of such tooth 
pairs has already been studied in detail by many researchers.  Involute properties 
make it quite challenging to assess the torsional stiffness of spur or helical gears 
analytically.  A numerical approach using FE techniques can provide results that are 
feasible and accurate enough for practical purposes.  Kiekbusch et al [77] have 
presented an excellent paper on methods to calculate the torsional mesh stiffness of 
spur gear pair using ANSYS (APDL) FE software.  Their technique is to study the 
nodal displacement of the FE mesh node selected at important locations of the gear 
body and use those displacements to calculate the overall angular drift of the gear 
model in response to a loading torque. 
As shown in Fig. 7.13, the measured values of nodal displacements (obtained 
from static FE analysis by loading the tooth pair using a torque) selected at the gear 
hub, dedendum, pitch and contact points of a fully engaged tooth in torque 
transmission, can be used to determine the average torsional stiffness due to contact 
forces at the interacting tooth surfaces, bending deformation of teeth due to the load 
and as a result, the overall angular deformation observed relative to the hub.  The 
nodal points can be considered as connected end points of springs in series.  Their 
angular compliances are simply added to get the overall torsional compliance. 
Individual angular displacements can be evaluated by taking the arc tangent 
(inverse tangent) of the ratio of linear nodal displacement (in tangential direction to 
the pitch circle) to the radius of the nodal point of interest (the radial location of the 
nodal point relative to the gear centre). 
The accuracy of results of such an exercise depends on the level of detail of the 
FE mesh used in the computation, the size of the geometry, the computing capacity, 
resource etc.  For accurate contact forces, a relatively fine FE mesh has to be used in 
close vicinity of the contacting surfaces. 
A technique similar to that used by [77] can be applied to the Cycloidal tooth 
mesh to assess the Cycloidal disc's contribution to the overall torsional compliance of 
the drive-train.  The differences are listed as follows: 
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1. Multiple cycloidal teeth mesh with their respective pins are unlike single 
tooth or two pairs of involute teeth of the conventional spur gear train. 
2. Large bearing forces and torque producing forces result due to multiple 
pin-tooth contact in the Cycloidal disc's crankshaft hole (central bearing-
hole in this case) and in the output holes where the pins of the output 
shaft are located.  Such is not the case in conventional spur or helical 
gearing, where the torque produced will be directly acting on the hub 
centres. 
3. Larger tooth forces result in greater torque in conventional external 
gearing (spur/helical) where as larger meshing forces occurring due to 
overloading torques are shared by multiple tooth-pin contact at any given 
position in the case of the Cycloidal drive. 
4. Small sliding and friction related issues are common in a conventional 
gear tooth mesh, but in Cycloidal gearing, sliding and friction are 
negligible as rolling contact is dominant.  Sliding contact exists in 
Cycloidal drives due to manufacturing errors and inaccuracies. 
To apply the numerical technique used by [77] to the Cycloidal drive of this 
research, the torque transferred by the Cycloidal disc should be known.  This is 
calculated by, 
    
   
        
   
        
  
        
    
   
                                        
where     is the torque on the Cycloidal disc;     is the input power in watts; 
    and      are the input and output angular velocities in radians per second 
respectively.  From the manufacturer's data, for a rotational speed of 1500 RPM, an 
input power of 1.14 kW, the torque transmitted by the Cycloidal disc is 7.3419 Nm.  
This torque is transmitted by both discs in the drive-train, as they share the output pin 
rollers turn by turn due to their mutual offset. 
Output torque shared by each output pin on an average is 61.69922 Nm (see 
equation 7.31 of § 7.2.2).  A partial view of the Cycloidal disc and output roller is 
seen in Fig. 7.14. 
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Fig. 7.14 Partial view of Cycloidal disc and output roller showing forces causing torque; (Image by the 
author) 
In Fig. 7.14, if the tangential force acting on the output pin (and its roller) that 
produces the output torque is   at a distance   from the central axis at , then it is 
caused by equivalent force acting at the tooth mesh at the mesh zone location   , 
with a radius of    from .  Since the tooth-pin interaction spins the disc and drives 
the output shaft,      can be considered as the tangential torque at the pin-tooth 
mesh.  But this torque is shared by multiple pin-tooth interfaces due to the geometry 
of the Cycloidal disc and hence the value of    can be the total force in the tangential 
direction due to all pin-tooth contacts.  The lines of action of each pin-tooth contact 
vary mutually and are directed towards the pitch circles of the annulus and the 
Cycloidal disc, and because of the pitch circles, the conjugate action occurs.  
Equating the two torques the value of    can be evaluated using   = 1101.7718 N 
(refer § 6.7.3, Chapter 6);   and    are 56 mm and 85.418 mm respectively by 
measurement.     then evaluates to 722.321 N. 
As shown earlier, of the total 8 output pins, only 6.75 pins on a average transmit 
torque at any given time (see § 6.7.3, Chapter 6).  Then for a single disc, it is halved 
to 3.375 pins – roughly 4 pins per disc with a lower efficiency of torque transfer.  
Considering 4 active output pins (actively participating in torque transfer) a force of 
1101.7718 N acting on each output pin at a radius of 56 mm is balanced by the 
tangential force component at the tooth mesh zone on the opposite end.  The system 
of forces is balanced by the bearing in the middle.  The torque due to the output pins 
on the left hand side of Fig. 7.15 is balanced by an equivalent force at a radius of 
85.418 mm.  To equal the torques on both sides, 4 meshing tooth-pin pairs are 
required on the right hand side (of Fig. 7.15) as well. 
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Fig. 7.15 Active output pins are shown in blue shaded area when the teeth mesh zone is in the green shaded 
area; (Image by the author) 
 
Fig. 7.16 Forces acting on the pitch circle due to tooth-pin mesh; (Image by the author) 
In Fig. 7.16, the force-vectors due to pin mesh are shown from Annulus pins 1, 
2, 3, and 4 acting on the pitch circle at the pitch point  .  The tangential and radial 
components of the forces form the torque producing and radial bearing forces 
respectively.  This system of forces cause the Cycloidal disc to spin about its axis as 
it is carried around by the eccentric bearing.  The effect of pin 5 is very minimal and 
can be ignored, as the line of the force passes under the pitch circle circumference.  
The pins have a small clearance in their cavities and they shift within the available 
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space when the teeth push against them while in motion.  Also, lubricant films within 
the cavities offer some viscous resistance and hence damping.  As is evident from 
Fig. 7.16, the point of contact of the pins with their respective teeth varies from pin 
to pin.  This is the reason for the varying eccentric bearing stiffness which is crucial 
to Cycloidal drive design. 
In a rigid body dynamics study performed in SolidWorks (see Fig. 7.17) using a 
Cycloidal disc with cutter generated tooth profiles (see § 6.2, Chapter 6), four 
significant force vectors are seen near the tooth mesh zone in the same manner as is 
seen in Fig. 7.17. 
 
Fig. 7.17 Force vectors due to tooth mesh; (Image by the author) 
From Figs. 7.16 and 7.17, it has been confirmed that four pins mesh with teeth 
near the mesh zone.  As the tooth mesh zone moves around the periphery, the force 
vectors seen in Fig. 7.17 also move with the same phase difference. 
In ANSYS, the numerical technique presented by [77] was simulated using a 
medium FE mesh geometry.  The equivalent stress plots are shown in Fig. 7.18 (a & 
b).  The partial pin-fused Annulus was fixed in space.  The central bore of the 
Cycloidal disc was provided with a frictionless support and a moment of 7.3419 Nm 
(as per equation 36, see above) was applied.  The Cycloidal disc sector was split 
radially into 4 layers.  The end faces of the disc and Annulus were assigned with 
symmetry feature.  Remote points were assigned at locations A, F, E and G at the 
four tooth tips (see Fig. 7.19).  Remote points B, C and D were placed in the layers 
of the body of the disc. 
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The remote points A, F, E and G act as individual springs of varying stiffness.  
But points B, C and D act as spring endpoints connected in series.  The overall 
torsional stiffness of the tooth mesh zone is the sum of stiffness of the parallel 
springs as well as that of the series connected springs.  Table 7.8 shows the angular 
compliances of individual remote point movements from which the total torsional 
stiffness and hence compliance of the tooth mesh zone is calculated.  
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Fig. 7.18 Equivalent stress plots of Partial Medium Meshed geometry; (a) Pins-fused Annulus (b) Cycloidal 
disc split into several bodies; (Images by the author) 
 
Fig. 7.19 Remote points assigned on the partial Cycloidal disc FE model; (Image by the author)  
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Table 7.8 Calculation of torsional compliance at selected remote points 
using angular measurements from FEA study 
1 2 3 4 
Remote Point i                              
 
   
       
   
  
  
A 2.5653 44.773 6.0983 
F 4.5588 79.567 10.8373 
E 9.9525 173.704 23.6593 
G 4.9939 87.158 11.8713 
B 9.9525 44.773 23.6593 
C 7.4433 129.910 17.6943 
D 2.5653 44.773 6.0983 
In Table 7.8, the angular compliances due to the displacements of the remote 
points are calculated in column 4 as   .  Remote points A, F, E and G act as parallel 
springs with varying stiffness.  This is due to the position and load of the contact 
zone of the pin and its mating tooth as shown in Fig. 7.19.  Individual stiffness of 
multiple parallel springs are added.  Since the compliance is the reciprocal of 
stiffness, 
      
 
 
  
 
 
  
 
 
  
 
 
  
                                            
Since the group of meshing teeth and the rest of the body act as springs in series, 
the total compliance of the meshing side of the disc      is the sum of       and 
compliances at points B, C and D. 
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Torsional compliance of the rest of the Cycloidal disc (the blue shaded area in 
Fig. 7.15) would be due to the total angular deformation of the disc in response to the 
resultant moment of output pin contact forces.  The force of 1101.77 N acts at the 
pin-roller-output hole of the Cycloidal disc interfaces causing a torque about the 
central axis.  Deformation at the contact surfaces of the disc contribute to angular 
compliance due to each pin.  Assuming equal torque applied about the central axis 
due to each pin deformation, the total angular compliance of the disc is the sum of 
individual angular compliances contributed by each output pin. 
 
Fig. 7.20 Contact deformation occurs at output pin-roller-Cycloidal disc interface; (Image by the author) 
As is shown in Fig. 7.20, deformation at the contact point of the output pin roller 
and the pin as well as the deformation at the interface of roller and the hole of the 
cycloidal disc can be calculated by Hertzian contact deformation formula, given by 
[96] since the contact radii are small. 
These deformations alter the orientation and position of the bent output pins and 
accordingly affect the output shaft torsional compliance.  A contact deformation 
formula for the displacement of two cylindrical convex or concave surfaces towards 
each other given by [96] is , 
   
  
 
 
    
 
  
     
   
 
        
    
 
  
     
   
 
                    
where    
 
 
 [N/m] is the load per unit length (e.g. radial force   acting on the 
Cycloidal disc thickness; 
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   and    are Poisson's ratios (         ) of the contacting materials 
respectively; 
   and    are the Elastic modulus of the materials (Young's modulus of elasticity 
used for    and    here is 210 GPa); 
  is the contact half width given by, 
           
    
       
                           
  
    
 
  
 
    
 
  
                                              
and    and    are the radii of contacting surfaces (      ). 
Using formulae (7.39) to (7.41) listed above, the total contact deformation (at both 
contacting surfaces) due to the applied force    (=1101.77 N) amounts to 3.83585 
µm.     is the torque producing force   (shown in Fig. 7.14) distributed on active 
Cycloidal tooth-mesh.  The radial compliance due to force    is,  
         
  
  
               
 
 
                                     
The arc tangent of the ratio of this contact deformation to the pin-pitch radius 
(      56 mm, see Fig. 7.10) is the angular deformation, 
       
   
       
   
                                                     
The Subscript OH stands for "Output Hole" of the Cycloidal disc.  This angular 
deformation is caused by the torque transmitted by the Cycloidal disc.  Hence the 
angular compliance of a single output hole-roller-pin interface is,  
    
   
   
 
            
      
             
   
  
                    
If the compliance is reflected to the input shaft end, then it has to be multiplied by 
square of the disc's reduction ratio (or torque multiplier ratio).  This is calculated as,  
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Then the reflected torsional compliance of a single pin is given by, 
   
        
               
   
  
                                
      
         
 
   
              
  
  
   
                                
Here    
 is the torsional stiffness at the output hole of the disc.  Since there are 4 
output pins working as parallel springs, with an efficiency of             (see 
Chapter 6), the total stiffness is given by, 
   
                        
              
  
   
                                 
Thus the torsional compliance of the blue shaded area of the output pin holes of the 
disc in Fig. 7.15, due to 4 output pins, 
        
                        
   
  
                             
The total torsional compliance of a single Cycloidal disc is the sum of      
and     , because the left half and the tooth mesh zone on the right hand side also 
can be considered as springs connected in series. 
Then the torsional Compliance of a single Cycloidal disc is given by, 
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Fig. 7.21 The two opposite sector portions of the Cycloidal disc can be assumed to be two centrally pivoted 
rigid masses connected by springs connected in series; (Image by the author) 
It is evident from equation (7.52) that the compliance at the output pin holes is 
very small compared to the combined tooth mesh compliance (    ).  In other 
words, as shown in Fig. 7.21, the sector portion of the meshing teeth as well as the 
other end (shaded in light blue) can be considered as two rigid bodies (lumped 
parameter models) connected by torsional compression springs in series.  The 
deformation of the springs can be accounted for the overall disc-deformation – 
making it slightly elliptical due to the applied load.  Both the Cycloidal discs can be 
assumed to be deforming similarly under load. 
Thus the total reflected equivalent torsional stiffness of both Cycloidal discs is,  
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7.2.5 Summary of equivalent Inertia and Stiffness of drive-train components 
The inertia and stiffness parameters of the drive-train components discussed so 
far have been listed in Table 7.9.  Superscript * denotes inertia and stiffness values of 
components reflected w.r.t. the input shaft.  Subscripts    and    denote radial and 
torsional stiffness of i
th
 component respectively.  
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Table 7.9 Summary of Equivalent Mass Moments of Inertia and Stiffness of 
drive-train Components 
Component i   
  
  
            
 
 
      
  
   
  
Motor Shaft Key 1 0.00000219 - 9469.0689 
Input Shaft 1 0.00006164 - 6626.6092 
6305 bearing inner race + balls + 
cage 
1 0.00004655 703.0342 - 
6306 bearing inner race + balls + 
cage 
1 0.00007688 822.7333 - 
Eccentric - Key 1 0.00000219 - 6783.88306 
Eccentric Bearing (full assembly) 1 0.00038383 88176.4498 - 
*Cycloidal Discs 1.011629 0.00000521 - 39946.3919 
*Output Shaft Rollers 87 0.00000033 303585.7204 - 
*Output Shaft 87 0.00000138 - 17.7768 
*6213 bearing inner race + balls + 
cage 
87 0.00000014 0.1046 - 
*6211NR bearing inner race + balls + 
cage 
87 0.00000006 0.1018 - 
*Annulus Pins (only 8 meshing) 87 0.00000009 850048.3179 - 
*Output Shaft Key 87 0.00000001 - 202.5119 
Total 0.000580486 - 
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In the 5
th
 column of Table 7.9, torsional stiffness values of components are 
listed.  It should be noted that the reflected torsional stiffness of the output shaft is far 
less the others, making it most compliant to torsion. 
If all the components are considered as torsion springs connected in series, then 
the total torsional stiffness of the drive-train components listed in column 5 is the 
reciprocal of the sum of reciprocals of all the stiffness values – which evaluates to 
16.23 Nm/rad.  This is less than the overall torsional stiffness predicted using 
regression fit straight line in the Hysteresis experiment described in Chapter 4, which 
was 23.69 Nm/rad.  The difference could be due to errors of regression fit &/or due 
to neglecting the effect of radial bearing stiffness and hence joints' frictions since the 
weights were hung directly on to the pulley.  As explained earlier, the supporting 
forces of the second Cycloidal disc's oversized-holes could reduce the bending 
deflection of active pins and hence slightly increase the output shaft's torsional 
stiffness. 
7.3 Phenomenological Dynamic Model 
A lumped mass parameter dynamic model is the common approach to assess the 
dynamic characteristics of all geared transmissions.  This theory assumes that each 
component is a rigid body with a known mass moment of inertia.  The joints or 
connections between two masses have flexibility and an associated damping property 
– which is material and geometry dependent.  Torsional loads are mainly considered 
and if radial or axial loads do contribute any angular motion about the central drive-
line axis, then an equivalent torsional joint stiffness are also added between the 
masses. 
Lumped mass dynamic models are commonly used in mechanisms and 
machines such as robot arms, mechanical power transmissions, vehicles and 
automation systems to name a few.  In transmission models, the theory generally 
assumes that joint deflections are minimal with linear stiffness characteristics, 
although nonlinear behaviour can be included and rigid masses have their respective 
centres of mass on the drive-line axis. 
Internal flexibility of components is modelled as (mass less) spring elements at 
the joints of two connected rigid masses.  The parameters determined so far can be 
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used to build a dynamic model, which later, can be simplified by combining 
components into groups depending on their joint flexibility ranking.  If the stiffness 
between two rigid masses is comparatively higher than a successive joint, then 
equivalent mass moments of inertia of both masses are combined into one rigid body. 
It becomes clear that the most compliant joints in the kinematic chain are 
important for the dynamic model, and the others can be merged into a single mass.  
Thus, the number of inertial and stiffness elements are reduced making it a simpler 
model to solve. 
 
 
JOINT INTERFACES 
 
TORSIONAL STIFFNESS & DAMPING 
 
RADIAL STIFFNESS & DAMPING 
 
FIXED 
LINK 
Fig. 7.22 Complete Phenomenological dynamic model of the entire drive-train; (Image by the author) 
Fig. 7.22 shows a complete dynamic model of the Cycloidal drive-train.  
Individual component mass moments of inertia are alphabetically labelled under the 
centre of mass symbols of each connected component, whose values are listed in 
Table 7.9.  The joints have stiffness and damping element pairs, including all internal 
and external flexibilities.  The prime-mover or motor is at one end, (designated "A" 
in Fig. 7.22), followed by the input shaft and rolling elements of Bearing 2 ("B"), 
eccentric bearing elements ("C" & "D"), Cycloidal discs ("E"), pins of the annulus 
COMPONENT INERTIA (at Centre of Mass)   Arrow Indicates Rotation Direction 
A MOTOR & KEY  F ANNULUS PINS 
B INPUT SHAFT & BEARING 2 G OUT PUT SHAFT ROLLERS 
C ECCENTRIC KEY H OUTPUT SHAFT &  KEY 
D ECCENTRIC BEARING J DRIVEN MACHINE 
E CYCLOIDAL DISCS   
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("F") and roller-pin combinations of the output shaft flange ("G"), the output shaft 
("H"), and finally the driven machine on the other end complete the kinematic chain. 
In Fig. 7.22, after the Cycloidal discs ("E"), two branches split from the main 
drive-train, because of the presence of the annulus pins and the stationary link 
(annulus).  Harmonic drives also have the same configuration.  However, the full 
model has to be simplified to assess the lowest natural frequencies of the drive-line 
set up.  This is done by grouping the masses based on their joint stiffness values.  
Masses with joints of relatively high stiffness can be merged together to form a 
single composite mass.  This technique is well known and is commonly applied for 
conventional spur/helical gear trains, as explained by Rivin [78]. 
The model's natural frequency of torsional vibration can be assessed even 
without the damping parameters of each joint.  The working cycle of the drive during 
its service (under normal operation conditions), also generate torsional vibrations.  If 
the natural frequency of the drive-train is known, the designers can proportion the 
component-geometries such that the working cycle frequency does not superimpose 
on the natural frequency of the drive-train.  If they do superimpose, then it results in 
resonance – leading to premature component failure due to excessive impact forces. 
Natural frequency of the drive-train can be easily computed if the entire model 
is simplified to include only the contributing components in the linkage.  As already 
proved, the radial deformations at the shaft-bearings, including the bending 
deflection of shafts are negligible.  In the fourth column of Table 7.9, the radial 
stiffness values are listed for all bearings and joints with normal contact (Output 
rollers).  Since bearings permit rotary movement without any resistance, their radial 
deflections can be neglected in this case, as they have little effect on torsional 
vibrations of the drive-train.  In spur gear transmissions, the radial bearing 
deflections along with shaft bending deflections do affect the angular position of the 
gears contributing to torsional stiffness variations.  Cycloidal gears are sensitive to 
centre distance variations.  Hence the shafts' bending and bearing-radial 
deformations have to be kept as small as possible – by making components almost 
rigid with high stiffness characteristics. 
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Hence the radial stiffness values can be neglected and only the torsional 
stiffness is considered.  In Table 7.9, the output shaft has the least stiffness compared 
to the others.  The overall model can be reduced from a multi-mass system to two or 
single mass system by combining the elements with high-joint stiffness values.  
Hysteresis experiment described in Chapter 4 yielded 23.69 Nm/rad as the overall 
stiffness of the drive-train.  In that case, there was no motor and only a pulley was 
attached using a taper-lock bush at its hub. 
7.4 Undamped Natural frequency of simplified model 
As described in the previous section, the simplified model can be used to 
estimate the undamped natural frequency of the drive train.  For a single mass 
system, the natural frequency of torsional vibrations is given by [103], 
   
 
  
 
  
     
      
                                                     
Here,   
     
 is the equivalent (overall) drive-train torsional stiffness relative to 
the input shaft; and        is the equivalent mass moment of inertia of all components 
participating in torque transfer.  Since the output shaft was locked, excluding the 
output shaft, its key and bearings, all other components could be combined to a 
single mass, because their joint stiffness is very high compared to that of output shaft 
(reflected to the input shaft end – see Table 7.9).  Usually the efficiency of torque 
transmission of the joint is included at all connections.  Here Joint efficiencies are 
not included, since it is only a preliminary study. 
From Chapter 4,   
     
 was found experimentally to be 23.7 Nm/rad.         
adds up to 576.62×10
-6
 kgm
2
 (considering only the input shaft, eccentric, other 
bearing masses and the two Cycloidal discs).  Using these values,    in equation 
(7.54) evaluates to 32.3 Hz.  The isolated signal response of the weight drop test 
described in Chapter 4 had a fundamental frequency of 27.3 Hz.  The output shaft 
was locked in this case.  In the running tests performed using the test rig                
(see Chapter 5), a fundamental running drive-train frequency of two drives connected 
back to back with a large flexible coupling evaluated to be 28.1 Hz.  The calculated 
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natural frequency from the simplified phenomenological dynamic model (32.3 Hz) 
agrees with the other two in close approximation. 
However, excluding the electric motor, all component inertia adds up to        
of 578.3×10
-6
 kgm
2
 (sum at Table 7.2).  From Table 7.9, the equivalent total 
torsional stiffness  
     
 was calculated to be 16.3 Nm/rad.  Using these values in 
equation (7.54),    evaluates to 26.7 Hz which matches closely enough with the 
fundamental frequency of the drive-train from the experiments – 27.3 Hz.  Hence the 
model and the calculations methods, including the specified stiffness formulae 
provided by various authors [92, 94-96] are valid. 
If the drive-train is modelled as a three mass system connected by mass-less 
torsional springs, three other undamped natural frequencies can be determined.  The 
first group of component inertia is the sum of mass moments of inertia of the input 
shaft and both keys, the second group is obtained by combining those of the two 
Cycloidal discs and the eccentric bearing and the remaining masses form the third 
group.  Similarly the equivalent stiffness connecting the three groups can be 
determined according to the formula given in Table 7.9.  The equations of motion of 
the undamped model are written as, 
 
    
    
    
  
   
   
   
   
      
           
      
   
  
  
  
     
 
 
 
                               
where   ,    and    are the total inertia of the three groups;       are the total 
torsional stiffness of the input shaft, and its keys, as well as the output shaft, and its 
key respectively (see Table 7.9).  The undamped natural frequencies are determined 
using, 
                                                                              
where   and   are the stiffness and inertia matrices respectively from equation 
(7.55).  Upon solving equations (7.55) and (7.56), three natural frequencies        
were calculated with two repeated real roots;                      respectively, 
or 0, 0, 381.42 Hz. 
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Damping characteristics of the drive-train are quite challenging to assess either 
experimentally or analytically.  Research on damping of Cycloidal drives is currently 
still in its infancy.  However, a formula for general vibration energy dissipation 
coefficient (damping constant) at flexible joints according to [54, 92] is given by: 
   
  
 
     
     
     
                                                        
where    is the dissipation coefficient;    is the damping ratio at the i
th
 link (can 
be calculated from logarithmic decrement – see § 4.2.2, Chapter 4);     is the 
torsional stiffness of the joint between links i and j; and    &    are the mass moments 
of inertia of respective links.  Table 7.10 shows the torsional stiffness     and 
dissipation coefficient    for all components of the drive-train.  
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Table 7.10 Dissipation coefficients between i
th
 and the j
th
 links using formula 
given by [54, 92] 
Component     
  
   
  
Dissipation coefficient 
   
Motor Shaft Key 9469.0689 
0.00319 
Input Shaft 6626.6092 
6305 bearing inner race + balls + cage - 
0.00267 
6306 bearing inner race + balls + cage - 
Eccentric - Key 6783.8831 
0.00231 
Eccentric Bearing (full assembly) - 
*Cycloidal Discs 39946.3919 
0.00471 
*Output Shaft Rollers - 
*Output Shaft 17.7768 
0.00001 
*6213 bearing inner race + balls + cage - 
*6211NR bearing inner race + balls + 
cage 
- 
*Annulus Pins (only 8 meshing) - 
*Output Shaft Key 202.5119 
Total 
  
        
 
  
 
   
     
 
       
0.01289 
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Dissipation coefficient    calculated between i
th
 and j
th
 links using equation 
(7.57) given by [54, 92] is listed in third column of Table 7.10.    The total 
dissipation coefficient of the simplified model evaluates to 0.01289. 
However, using the experimental results from weights-drop test described in 
Chapter 4, a realistic damping coefficient can be calculated.  The overall damping 
coefficient formula given by Rao [103] is: 
                     
                                                           
where          is the overall damping coefficient,          is the overall average 
damping ratio – evaluated to be 0.07954 from static drop weight experiments 
described in Chapter 4.  The equivalent (overall) drive-train torsional stiffness 
relative to the input shaft and its equivalent mass moment of inertia (of all 
participating components), are 23.7 Nm/rad and 578.3×10
-6
 kgm
2
 respectively.  
Using these numerical values                 ; this is a comparatively close 
enough result. 
The overall damping coefficient of the drive-train using equivalent mass 
moments of inertia of all components is slightly more than the analytically calculated 
value, thus validating the analytical approach of assessing the overall damping 
constant.  This value can be used in dynamic equations to study the response of the 
drive-train in transitional processes (Loaded drive-train components experience very 
high forces when the motor starts or stops suddenly).  However, further research on 
damping behaviour of the drive-train is still required to modify the model such that it 
includes all known parameters for accurate predictions of dynamic responses. 
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7.5 Summary 
This chapters details the construction of a phenomenological dynamic model of 
the Cycloidal drive train CHH4130-87 manufactured by Sumitomo Heavy Industries, 
Japan [5].  In order to prepare a dynamic model, all essential parameters of the 
components of the drive train are required.  These can be achieved through proven 
analytical formulae &/or numerical computational methods such as FEA.  The 
following points describe the essence of this chapter: 
1. To build a dynamic model, inertia, stiffness and damping parameters of 
the components have to be determined. 
2. Due to complexities of geometries, CAD software can be conveniently 
used to determine the mass and inertial properties of components.  The 
drive-train components were first weighed using high precision weighing 
scales and then their CAD geometries were assigned appropriate 
materials from the materials library in SolidWorks 2012.  Bearing steel 
was added to the library as a custom material and was applied to torque 
transferring components. 
3. Stiffness parameters of the component-joints were calculated using 
formulae available in literature for general mechanisms and machines.  
Radial stiffness was also determined for all bearings of the drive-train, 
since that is the only mode of deformation applicable.  Torsional 
stiffness (or Compliance) was assessed to the rest of the components. 
4. Force analyses have to be performed to determine the deformations of 
components under direct influence of their respective forces.  Once the 
forces are determined, compliances are calculated logically.  Torsional 
stiffness of the Cycloidal discs well as the bending-equivalent torsional 
compliance of the output pins were obtained from deformations 
computed in FEA studies conducted in ANSYS 14.5.7 environment. 
5. The parameter assessment is generally calculation-intensive because of 
the long force path among the components of the drive-train.  Individual 
component stiffness values were reflected to the input shaft end by 
dividing by the square of their respective reduction ratios to obtain the 
equivalent stiffness of components as they are dynamically comparable. 
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6. The Cycloidal disc's actual speed is the differential speed of the input 
and output shaft viz. the difference between the input speed and the 
output speed.  This has a reduction ratio of the ratio of torques 
transferred by the input shaft and the Cycloidal disc, or the ratio of the 
number of actual annulus pins kinematically required in this particular 
drive to the number of teeth on the disc (88÷87=1.01149425).  Reduction 
ratios have to be used correctly to calculate the equivalent torsional 
stiffness values. 
7. A Phenomenological dynamic model of the drive-train was then 
prepared using the calculated Inertia and Stiffness values.  Damping was 
not considered at this stage, since it is highly challenging to assess each 
component's damping behaviour experimentally for comparison with the 
analytically determined values. 
8. From Joints' stiffness perspective, components can be merged into 
groups of single rigid bodies of combined inertia connected by their 
respective joints.  The joint with the lowest stiffness provides most of the 
compliance and is critical in the drive-train.  The equivalent reflected 
stiffness of the Cycloidal discs-output shaft interface was found to be 
having relatively low stiffness than those of the other joints.  This 
enabled model simplification for the single Cycloidal drive with output 
shaft locked – as set in the Weights-drop experiments of Chapter 4. 
9. For such a condition, the inertia was considered only up to the Cycloidal 
discs and the output rollers starting from the input end.  Using the 
numerical values of the stiffness and inertia, the natural frequency of 
oscillation was determined to be 32.26 Hz, which is within near vicinity 
of that determined by the weights-drop experiment (Chapter 4), 27.34 
Hz; and 28.08 Hz from the running drive train frequency measured in the 
test rig (Chapter 5).  On the other hand, using calculated equivalent 
inertia and stiffness, the natural frequency 26.66 Hz matched closely 
with that of the experiment 27.34 Hz. 
10. The natural frequency thus obtained can be used for modelling the 
Cycloidal drive so that torsional vibration frequencies of the working 
cycle during normal service conditions do not superimpose on the 
natural frequencies leading to resonance.  The above stated calculations 
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and analysis was focused on the drive-train operating at the 
manufacturer's nominal input torque and speed conditions.  For higher 
torques, which occur during the sudden loading of the drive-train in the 
event of motor breakdown, or other unknown transient processes, the 
Cycloidal discs are guarded as additional teeth come into mesh.  This 
depicts a nonlinear response making the drive-train model even more 
complicated. 
11. Further, damping coefficients were determined using analytical 
(formula) method for each joint as well as for the experimentally 
determined stiffness characteristics (overall drive-train stiffness obtained 
during the loading cycle in the hysteresis test of Chapter 4).  Damping 
coefficients obtained by both methods differ from each other slightly.  
The overall damping coefficient estimated from stiffness and inertia 
calculations derived from the simplified dynamic model was 0.01289, 
whereas using stiffness and inertia values from stand-alone Cycloidal 
drive, it amounted to 0.01659, differing marginally.  The overall 
damping coefficient derived from the results of the dynamic stalling 
experiments conducted using the test rig was found to be 0.0047, which 
is much smaller than the other two.  This could be due to multiple 
masses in the kinematic chain on the test rig, having complicated 
collective inertia and damping characteristics. 
12. Both component as well as system level studies of dynamic behaviour of 
the Cycloidal drive train were studied in this research.  The next chapter 
summarises the research outcome and describes the future work to be 
undertaken. 
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8. Discussion 
The purpose of this research is to study the dynamic characteristics of a Cycloidal 
drive-train.  At its core – static experiments (exploring overall static torsional 
stiffness and damping factor characteristics), conducted on a real drive-train 
subjected to static loading conditions, and dynamic experiments performed using a 
specially built test-rig to study the dynamic behaviour (fundamental drive-train 
frequencies and dynamic factor), while the drive-train is transmitting power, cover 
the basics of system level testing. 
8.1 System-level analysis 
Static and Dynamic studies were the two tests of prime concern conducted in 
this research from a system's point of view. 
8.1.1 Static loading conditions 
For the particular Cycloidal drive model used for the experiments, the static 
studies (see Chapter 4) revealed that: 
 The total input shaft torsional compliance (free play) is considerably 
large (about 56°), in this type of Cycloidal drives compared to 
conventional gear-trains. 
 Hysteresis tests showed that at high-torques the stiffness response was 
nonlinear, but a fair portion at the lower end was linear. 
 Fundamental drive-train frequency was measured from the torsional 
impact tests conducted on the drive-train. 
 From the torsional vibrations study, logarithmic decrement and hence the 
damping factors were estimated for the loaded drive-train responding to 
shock loads.  The damping factor and the overall mass moment of inertia 
of the drive-train can be used to theoretically determine the natural 
frequency of torsional vibration of this drive-train design. 
  
Discussion 
258 | P a g e  
 
8.1.2 Dynamic loading conditions 
In dynamic tests performed on the test-rig (see Chapter 5): 
 The natural frequency measured was closely matching that obtained 
from the static tests. 
 Slow speed tests confirmed a possible overlap of the fundamental 
frequencies of operation of the driven machine (in this case – the 
gear pump) and the Cycloidal drive-train resulting in resonance. 
 High speed stall tests showed that a considerably high dynamic 
factor (maximum overshoot of the acceleration of the housing due to 
shock) can occur while stalling the drive-train – common in frequent 
stopping and reversal of shaft rotation in normal operations. 
From these tests, it is inferred that – from a design optimisation point of view, 
the manufacturer has considered 1 TN as optimal torque to be amplified through this 
drive-design with enough room for safety between 1 TN and 2.5 TN (where the 
overall stiffness is found to be linear), to comply for unexpected dynamics that are 
common in sudden speed transitions or reversals. 
8.2 Component-level study 
The force interactions among the mating components and the cause for the 
linearity in stiffness up to a certain torque cannot be assessed based on system-level 
analyses only.  A further detailed understanding of component interactions of the 
drive-train is obviously necessary. 
8.2.1 Static FEA simulations 
A static loading situation was simulated using simplified 3D FEA models, 
where in the annulus and its pins were fixed to form a single composite.  Only the 
output shaft flange with its pins fused together with their rollers was considered and 
not the entire shaft in detail to conserve computation time and resource.  The 
eccentric bearing was reduced to a simple cam with a keyway for simplicity and ease 
of computation.  The response to a static load on the drive-train with the simplified 
output shaft and the annulus held fixed was also linear just as those of the hysteresis 
experiments conducted on the real drive. 
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The response of FEA study was about 15% lower (see Chapter 6), than the 
actual hysteresis test results presented in Chapter 4.  In the real experiment, load was 
applied by hanging weights onto a hanger hung at the input end.  In FEA however, 
only torsional loads were applied.  This could explain the difference because the 
radial load applied on shaft bearings also causes contact deformation, thereby 
increasing the resistance of the shaft turn.  In other words, the effect of radial contact 
deformation among components also contributes to the overall axial torsional 
stiffness of the system.  The experiment was conducted on a fully assembled 
Cycloidal drive which was intact as the manufacturer supplied.  The simulation in 
FEA was performed using only the main drive-train parts with pure torsional loads. 
From simulation results, component deformation was observed which showed 
that not all output shaft flange pins bent tangentially in the direction of motion of the 
output shaft due to the loading.  The reason was that they were turned as crank 
handles by oversized output holes of the Cycloidal discs whose centres were moving.  
The Cycloidal discs have compounded motion viz., motion about the centre of the 
annulus with which they are in mesh and motion about their individual centres of 
mass. 
8.2.2 Bending deflections of Output pins 
Observation of non-uniform output pins' bending deflections led to further 
investigation from a kinematic and geometric point of view – aiming to establish the 
precise locations/regions of output pins start point-transmission phase, and ending 
point of torque transfer w.r.t. the tooth mesh zone (the multitude of tooth-annulus pin 
contact) around the central drive-line axis.  Maps generated indicated that an overlap 
of the output pin active zone is the principle of speed reduction in Cycloidal drives.  
The number of pins used on the output shaft flange plays an important role as Braren 
and McIver [20, 22] point out.  The more the overlap, the less the output shaft torque 
fluctuation will be.  In this research, this overlap is considered in terms of the ratio of 
number of pins actively participating in torque transfer (or speed reduction) to the 
total available pins.  This ratio has been considered as the output-pin torque transfer 
efficiency, since only a few pins will be actively transferring torque at certain tooth 
mesh positions as described in Chapter 6.  
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8.2.3 Lumped inertia model 
The output pin torque transfer efficiency derived in this research was used to 
verify theoretically, the large input-angular compliance (lost motion), found in the 
static hysteresis tests of the actual Cycloidal drive subjected here.  The input shaft's 
lost motion calculated using the theoretical torsional compliance of the output shaft 
alone (geometry based stiffness was calculated using formulae available in 
literature), ignoring all other components (by considering them rigid), closely 
matched with that revealed in the hysteresis experiment for all loading torques up to 
2.5 TN (see Chapter 7).  This validates the theoretical lumped inertia model prepared 
for this particular drive-train design.  As the manufacturer has specified that all 
rotating parts of the drive-train are through-hardened by heat-treatment processes, 
considering them to be very highly stiff eventually means that they are considered as 
rigid, because the output shaft is the most flexible member in the chain and its 
stiffness is the key to the Cycloidal drive-train design. 
8.3 Summary 
For the first time, in this research, an actual Cycloidal drive was re-modelled to 
explore theoretically, the component interactions in view of understanding the drive-
train dynamics by assembling known inertia, stiffness and damping characteristics of 
all drive-train components, as such information is currently not available in literature 
until now.  The resulting model was simplified based on the hierarchy of component-
stiffness exhibited by various components (based on their geometry), and their 
effective mass moment of inertia relative to the input member to calculate the 
fundamental drive-train frequency.  Depending on the drive-train configuration and 
the driven machine inertia and stiffness data, differential motion equations for 
torsional deflection can be written and solved for any particular drive-train 
configuration incorporating any type of Cycloidal drive(s), provided their geometry, 
material and stiffness data are known using techniques described in this thesis.  This 
is an important predictive step from a dynamics point of view to avoid possible 
resonance of torsional vibrations occurring frequently in normal operations, which 
not only helps in protecting the drive-train configuration, but also aid in optimising 
the inertia and effective stiffness of the driven machine design together with 
appropriate selection of couplings to form an optimum drive-train. 
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9. Conclusions and Future Research 
The deliverables of this research are summarised as follows: 
9.1 Contributions to Science of Cycloidal drives 
 A new experimental test-rig developed specifically to investigate the 
drive-train dynamics of Cycloidal drives is presented as an outcome of 
this research. 
 For the first time, a new validated FE model of the drive-train and 
techniques for determining stiffness characteristics of various drive-train 
component geometries is presented in view of actual static loading 
experiments performed on the same type of commercially available 
Cycloidal drive. 
 A new FEA technique of calculating the effective quasi-static torsional 
stiffness of a Cycloidal disc (including its mesh stiffness) is presented 
using nominal torsional loads. 
 Hysteresis experiments conducted on a single stand-alone Cycloidal 
drive yielded the Hysteretic damping factor  calculated from the 
hysteresis area (0.097376).  This can be used as an "initial guess" for 
transient analyses in FEA simulations for drive-trains of comparable 
component configurations. 
 For the first time, systematic vibration signatures of various components 
of a test rig were identified through investigative techniques to identify 
the drive-train's fundamental frequency in the spectrum, which matched 
in good agreement with that of the weight-drop tests conducted on a 
stand-alone, output shaft locked, commercially available Cycloidal drive. 
 A static Finite Element simulation of the 3D CAD model of a simplified 
drive-train assembly used in this research, also gave out linear torsional 
stiffness behaviour, which agreed with the hysteresis experimental 
results of the stand-alone drive, by a margin of 15%.  This also revealed 
that elastic bending deformation of the output pins affect the overall 
drive-train stiffness. 
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 From Cycloidal disc-geometric analysis it has been established for the 
first time that the joint efficiency of the output shaft pins was 84.375% 
for this particular design (for drive-train used in this research), as only 
6.75 pins out of the total 8 participate in torque transfer at any given 
tooth mesh position.  Non-uniform pin bending deformations are 
inherent in the geometry of the design causing pulsating output torque 
delivery. 
 An undamped phenomenological dynamic lumped inertia model of the 
drive-train was developed from first principles that involved all the 
building blocks including a critical mechanical joint efficiency.  This 
when simplified by grouping inertia according hierarchy of joint 
stiffness, yields the overall as well as partial component natural 
frequencies of torsional oscillations in response to a quasi-static loaded 
condition for loads up to 2.5 times the nominal torque.  The overall 
fundamental frequency of the drive train matched within 2.5% accuracy 
with that derived from experimental results. 
9.2 Contribution to Engineering practice 
This research contributes to the development of a lumped inertia dynamic model 
of a Cycloidal drive-train, which can be solved for various load cases such as shock 
loads that occur in transition processes that are common in sudden start or stop 
running under load – which are common in emergency breakdown situations.  The 
output shaft pins have been identified as the weak link in the drive-train's robust 
structure. 
Finite Element models and techniques presented in this research to determine 
the components' equivalent torsional stiffness and overall drive-train stiffness 
response subjected to static torsional loads, can be applied in general, to any 
Cycloidal drive-train design configuration to optimise its detailed structural design.  
Cycloidal drives' output-shaft pins bend as short cantilevered beams contributing to 
the linearity trend in overall stiffness of the mechanism.  The current model (subject 
of this research) showed that the overall quasi-static stiffness was linear for torques 
up to 2.5 times the nominal.  Similar trends and ranges can be expected to equivalent 
Cycloidal drive designs.  The theoretical techniques explored in this research for the 
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quest of drive-train dynamics can be applied in general for current and future 
Cycloidal drive-designs.  The lumped parameter model thus developed would 
provide a clearer insight into optimised Cycloidal drive-train design.  This research 
also paves the way for further investigation using accurate bearing stiffness values, 
condition monitoring aspects of the drive, appropriate coupling-selection for the 
kinematic chain involving different types of Cycloidal drives (eg: multi-staging) so 
that the overload factor (dynamic factor) can be further lowered to protect not only 
the transmission system, but also the driven machinery from extreme forces among 
the component interfaces.  
Conclusions and Future Research 
264 | P a g e  
 
9.3 Future Research 
This research has developed a lumped inertia model using inertia and torsional 
stiffness of components employing 3D CAD and FEA of a Cycloidal drive by using 
data obtained from an actual model.  Finite Element Simulations performed on CAD 
model assembly of the drive-train has proven to be effective and economic means to 
estimate kinematic and dynamic parameters.  These, together with lumped inertia 
dynamic analyses and experimental validations have established a fundamental 
building block of Cycloidal drive design methodology from a dynamics point of 
view. 
Differential equations of motion can be written using the dynamic lumped 
parameter model.  Their solutions subjected to commonly known inputs for example: 
a step input simulating a sudden starting torque from a motor, can give transition 
response of the drive-train viz. the maximum overshoot (dynamic factor), natural 
frequencies and the settling times of the torsional vibrations.  These are important to 
the design of mechanical drives in general for optimal performance in any given 
applications and avoiding the possibility of resonance during operation.  For an 
example: Cycloidal drives are currently becoming popular as mechanical drives used 
in articulated robot-arms.  Effective stiffness and mass moment of inertia of robot 
arm system including the payload cannot be a fixed value, as it depends on the size, 
shape and mass of the payload.  Hence the equations set for each step of pick and 
place in real time vary along with effective inertia and stiffness of the assembly – 
resulting in varying dynamic forces and responses.  Using state-of-the-art computing 
techniques the drive-train can be suitably designed from a dynamics point of view. 
Studies have shown [26] that the total transmission ratio of the Cycloidal drive 
has to be divided into two steps – with a primary epicyclic spur gear reduction whose 
speed ratio has to be slightly less than that of the drive-train's fundamental frequency 
in order to increase the natural frequencies so that more 'design space' (in terms of 
bandwidth) is available for sizing the components.  Especially in robotic 
applications, it is necessary to keep fundamental gear train harmonics away from the 
working cycle vibration frequencies of components which are powered by gear 
transmissions to avoid resonance and other unwanted causes of force imbalance. 
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However, without accurate parameters of components of the drive-train are 
sometimes difficult to assess analytically; for example: one of the input shaft's 
bearings rests in the hollow of the output shaft flange making it a beam like structure 
with three bearing supports – which is statically indeterminate.  Multiple contact 
supports in the rolling and the main crankshaft (eccentric) bearings, as well as 
multiple tooth pin contacts in gear-mesh also pose statically indeterminate problems.  
The objective of compact structure requirement does not give many choices to 
alleviate these problems.  However, advanced Finite Element Analysis is possible 
with the use of latest software codes and computing facilities, which can solve 
complex problems appreciably well. 
Multiple tooth contacts in a Cycloidal disc distribute load unevenly among the 
meshing pins.  With overloading, more tooth-pin contacts take place which also 
cannot be easily determined.  To prevent centre distance variations between the 
annulus and the Cycloidal disc, manufacturers choose tough, durable materials and 
provide through heat treatment to all transmission components and load bearing 
surfaces (including bearings). 
Heat treatment increases hardness especially at the surface to handle severe 
contact stresses.  Through heat treatment makes the parts less flexible and increases 
stiffness.  Components show rigid body characteristics and fail with brittle fracture at 
severe loads.  FEA studies of hardened surfaces are complicated and difficult to 
apply.  Research and development of Finite Element systems and formulations are 
still progressing.  Multi-physics models (models subjected to not only mechanical 
and structural loads, but forces generated from other sources and knowledge 
domains such as heat transfer, fluid dynamics, electrical and magnetic flux etc 
collectively form Multi-physics solution techniques) have already become today's 
trend in engineering solution methods. 
Assessing Bearing stiffness is another problem common to mechanical drives.  
Until now, Harris' methods [118] of quasi-static bearing stiffness calculation 
methods (based on general engineering practice) were used.  Guo & Parker [127] 
have proved that Harris' methods is erroneous as it over exaggerates bearing 
proportions which are practically unrealistic. 
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Fig. 9.1 Guo and Parker  [127]have proved that Harris' [118] model not only overestimates radial bearing 
stiffness, but also presupposes unrealistic outer race thickness values for commonly used cylindrical and 
ball bearings; (Image source [127]) 
As is seen in Fig. 9.1, from Harris' [118] model, the radial bearing stiffness 
values calculated for several loads are not only very high, but indicate an 
unrealistically thick outer race.  Guo and Parker [127] have simulated cylindrical 
roller and ball bearings with thick outer races in Finite Element Analysis using static 
loads.  Their results match the analytical model proposed by Harris [118].  
Alternatively, Guo and Parker [127] have proposed a new method of bearing 
stiffness matrix estimation using a combination of contact mechanics and finite 
element methods. 
Bearing stiffness concepts lead to a whole new domain of mechanics in which 
research is still advancing using latest available tools of trade.  In another study, Guo 
and Parker [128] have studied a 'tooth wedging' phenomenon commonly occurring in 
conventional planetary drives comprising standard involute spur gears.  They state 
that tooth wedging causes severe bearing forces which lead to bearing failures, 
especially in large capacity gear drives such as those on a wind-turbine generator 
system.  For their study, they have developed a two dimensional lumped parameter 
model of the planetary gearing system, which includes tooth separation, back-side 
contact of tooth surfaces, tooth wedging and bearing clearances to achieve a realistic 
simulation.  Their results from the model analysis showed that tooth wedging does 
cause severe bearing forces for a wide range of operating speeds.  They have 
developed a method to predict tooth wedging – based on the gear geometries and 
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joint interactions.  They conclude that tooth wedging is caused in wind turbines due 
to translational vibrations due to gravity, bearing clearances and tooth backlash. 
Tooth wedging cannot possibly happen in Cycloidal drives owing to the fact that 
trochoidal tooth profiles are wider than conventional gear teeth in mesh and provide 
an open space for the pin to mesh with while the pin approaches or departs from the 
contact.  On the contrary, multiple teeth come into mesh and share the load at very 
high torsional loads, whether constant or momentary.  Under such circumstances, 
large bearing loads are still inevitable which compel the inclusion of bearing-radial 
compliances into the dynamic model. 
Once such concepts (methods to determine radial bearing compliances), have 
been thoroughly established, they can be applied to Cycloidal drive-trains to get an 
accurate measure of the forces and responses to dynamic loads.  These then can be 
validated against the measured values obtained using suitable test cases on a test rig.  
Free and forced responses of the drive-train obtained from dynamic lumped 
parameter models provide new insights to design optimisation of Cycloidal gear 
train. 
On the test rig, however, there are other components whose dynamic parameters 
are also important for model analysis.  For example, the gear pump used as a loading 
device also gives out specific harmonics and natural frequencies of vibrations 
depending on its operating speeds.  Oil viscosity changes, clearances and oil whirl 
and wedging also deviates the study into another large domain of fluid dynamics.  
The couplings used on the drive train also contribute to overall dynamics. 
Testing of these elements using static loading and other known methods, yield 
parameters necessary to complete the dynamic model of the entire test-rig drive-
train.  A nylon chain coupling is used on the test rig that connects the driven 
Cycloidal drive to the gear pump.  Simple loading and unloading (hysteresis) tests 
provided a fairly linear stiffness curve of the coupling. 
Information on Condition monitoring of Cycloidal drives is currently not 
available as it is still new to many applications.  An understanding of the dynamic 
characteristics of the drive-train paves the way for suitable condition monitoring 
techniques.  Lubricant and Wear debris analysis provide valuable information to 
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condition monitoring knowledge base.  Further advanced studies on the Cycloidal 
drive can be conducted in view of the lumped mass dynamic model which opens a 
new perspective of mechanical engineering design. 
___________
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Appendix A: AGMA Design standard for 
conventional gearing 
AGMA (American Gear Manufacturers' Association) has set two equations for 
estimating conventional gear pair's bending and contact strength.  Conventional 
involute spur/helical gears have 1 to 3 teeth engaged at all times.  Based on tooth 
bending and surface contact stresses found by practical industrial experience gained 
over several years, AGMA has established these two standard stress equations which 
serve as a Designers' guideline to develop gears for specific applications.  These 
equations are commonly found in any text book on Mechanical Engineering Design 
[16]. 
            
 
   
    
  
      
 
   
                  
                
  
    
  
  
  
 
   
                 
Here   and     are tooth bending and tooth contact stresses in N/mm
2
 (MPa); 
   is the tooth load [N] caused by the torque acting on the gear tooth tangential 
to the pitch circle; 
   is the overload factor; 
   is the dynamic factor; 
   is the size factor 
  is the face width of the narrower member [mm]; 
   is the transverse metric module [mm]; 
   is the load distribution factor; 
   is the rim-thickness factor; 
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   is the geometry factor for bending strength (which includes root fillet stress-
concentration factor   ); 
   is the elastic coefficient   
 
   
 ; 
   is the surface condition factor; 
    is the pitch diameter of the pinion [mm]; and 
   is the geometry factor for pitting resistance. 
The parameters listed above are specifically prescribed for conventional gearing 
based on industry experience.  Based on test data, several equations and graphs are 
presented by AGMA in its standard documentation of gear design to evaluate the 
above listed factors to be used in the above formulae for validating the strength and 
safety factors of a particular tooth design from a tooth bending and pitting resistance 
point of view – as they have been identified as the most likely causes of tooth failure. 
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Appendix B: Signal Processing using MATLAB 
File saved as: TorsionalVibrationStandAlone.mat 
MATLAB software (version 2012a) was used to filter the torsional vibration signals 
obtained by experiments described in § 4.2 (see Chapter 4).  Vibration signal data are 
stored in individual single arrays in MATLAB – for example: The array named 
"OneTN" has the acceleration values from the 3-axis accelerometer.  All signals were 
recorded at a sample rate of 500 Hz for 0.25 second-time durations resulting in 127 
acceleration values of the array.  A function code was prepared in MATLAB which 
converts the time domain signal into frequency domain using Fast Fourier Transform 
algorithm.  The syntax of the code is as follows: 
function Functionfft(samplerate,datalength,Nominal) 
%Enter samplerate - for example 500 (samples/s), datalength 127 and 
the 
%response of the signal entered as array (for example: OneTN) 
Fs = samplerate; 
L = datalength; 
NFFT = 2^nextpow2(L); 
t = (0:L-1)/Fs; 
Y = fft(Nominal,NFFT)/L; 
f = Fs/2*linspace(0,1,NFFT/2+1); 
R = 2*abs(Y(1:NFFT/2+1)); 
plot(f,R); 
title('FFT of Nominal'); 
xlabel('Freq (Hz)'); 
ylabel('|Y(f)|'); 
end 
The sample rate is 500; datalength is 127; and the signal arrays are saved as HalfTN, 
OneTN, OneandHalfTN etc, up to FourandHalfTN.  For each, the above function 
(Functionfft) is executed to plot the FFT graph plotting against frequency on the 
abscissa and signal's amplitude values on the ordinate axes respectively.  The graph 
for OneTN is shown as Fig. 4.12 repeated from Chapter 4. 
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Fig. 4.12 (Repeated) FFT plot of 1 TN signal in MATLAB 
Two signal amplitudes are seen in this result set.  To filter out the stronger signal 
(with the larger amplitude), the result is filtered using MATLAB's "sptool" 
command, which opens the signal processing toolbox – the default view of which is 
shown below in Fig. B1. 
 
Fig. B1 Default view of the Signal Processing Toolbox obtained by entering "sptool" in the command 
window of MATLAB 
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The data is imported by the dropdown menu and saved.  For example: OneTN signal 
array is imported into sptool as "OneTN_fromexperiment".  An FIR filter is developed 
to filter the desired signal using the central column of the toolbox.  This opens a filter 
design toolbox (also accessed using "fdtool") as shown in Fig. B2. 
 
Fig. B2 Filter Design Toolbox accessed from signal processing toolbox 
In Fig. B2, the highlighted buttons and fields are necessary to design a filter.  
Response type is set to "Bandpass".  Window based FIR type filter is used for the 
Design method.  Order is set to 100, and the window type is selected to be "Blackman-
Harris", which is "scaled" for clarity.  From Fig. 4.12 shown above, the limits of Fc1 
and Fc2 are known and the filter is designed using the "Design Filter" button. 
This is applied to the signal from the experiment in sptool and the filtered signal 
can be viewed as shown in Fig. 4.13 (Repeated). 
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Fig. 4.13 (Repeated)  Filtered 1TN signal 
The guides provided can be set to the desired peaks to obtain time and amplitude 
values (see Fig. 4.13).  Logarithmic decrement between two successive peaks or the 
average from several peaks can be calculated from the measured x and y values of the 
graph.  This signal is exported from sptool to MATLAB workspace and the file is 
saved.  The procedure was repeated for all other signals.  The FFT of the filtered 
OneTN signal (using functionfft function), is shown in Fig. B3. 
 
Fig. B3 FFT of Filtered OneTN signal
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Appendix C: Load Cells' Technical Information 
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Appendix D: Actual Output Pin Bending 
Compliance 
 
 
Fig. D  (a) Forces acting on an output pin due to both Cycloidal discs; (b) Resolution of force vectors; (c) 
Trochoidal loci of the oversized holes of both Cycloidal discs; (d) Instantaneous location of both force 
vectors 
In § 6.7.3 of Chapter 6 of this thesis, the bending deformation of an output shaft pin 
due to a single outer disc was considered for an estimate of its bending compliance 
which was transformed into a contributing equivalent torsional compliance of the 
output shaft.  As an outcome of bending deflections of all pins, the torque transfer 
efficiency     was established.  This was a simple and conservative approach taken 
initially by considering only the force due to the outer disc.  To estimate the bending 
compliance of the pins more accurately, the forces acting on the pin at any instant, 
due to all the discs of the drive-train have to be determined (see Fig. D a). 
Since the discs are mounted with a 180° phase difference, the inner disc (which 
is located close to the pin’s fixed end in the flange), will not be in position to apply 
torque producing force on the pin.  As explained in Chapter 6, in this drive-train 
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design, the oversized hole-centres of the Cycloidal discs move along their respective 
trochoidal paths (see Fig. D c).  Torque producing force vector pushes the pin in the 
tangential direction to the pin-pitch circle only when the hole-centre is under the 
pitch circle locus (see § 6.7.3 of Chapter 6 for details). 
As is seen in Fig. D (d), the loci of corresponding oversized holes of both discs 
are shown in red and blue.  The force vector is represented by the arrow heads.  Due 
to the phase difference, both vectors have varying magnitude and direction and are 
never identical at any given position of either disc.  This indicates that, when the 
outer disc is pushing the pin in the tangential direction, the inner disc would be 
pushing it radially outwards in the vicinity of its contact area.  Due to the action of 
both forces, the pin undergoes compound bending in two directions.  To be realistic, 
the resultant pin deformation due to both instantaneous forces provides the actual 
bending compliance of the pin in question. 
This further necessitates the need for another map that shows the true 
deformation of all pins due to both discs at any given disc position.  Alternatively, 
the pin forces can also be determined using complicated vector analysis through 
coordinate transformation.  Once the periodic force function is known, a static beam 
deflection can be performed as is shown in Fig. D (b), either using Timoshenko beam 
theory or FE simulation.  For complex cross section geometries, FEA would be the 
better alternative.  Due to the action of both forces, the resultant pin deflection will 
be smaller than that obtained from considering a single force due to the outer disc. 
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